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Abstract

In the original work on the cost-aware logical framework by Niu et al. [28], a dependent variant of the
call-by-push-value language for cost analysis, the authors conjectured that the canonicity property of the type
theory can be succinctly proved via Sterling’s synthetic Tait computability. This work resolves the conjecture
affirmatively.
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1 Introduction

Cost-aware logical framework (calf) [28] is an effectful dependent type theory designed for synthetic cost analysis.
The type theory is based on call-by-push-value [24] that distinguishes pure values and effectful computations,
extended with dependent types inspired by Véakar [47], Pédrot and Tabareau [32].

In calf cost is treated abstractly as a print-like effect: we write step$ (e) that records ¢ units of abstract cost
before running the computation e : X. For example, as verified in Niu et al. [28]], internally in calf, one can prove
that merge-sort has a time complexity of O(nlogn) by inhabiting the following type:
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(ret(sort 1))
where msort : list nat — F(list nat) is the merge-sort function instrumented with step counting effect, and sort is
the specification/value level sorting function.

One of the important contributions of calf is a synthetic phase distinction between cost and behavior of programs.
Originally invented in the context of module calculus [19]], the phase distinction is a way to separate static (kinds
and types) components and dynamic (terms) components of a module, where dynamic components can depend on
static components but not vice versa. Sterling and Harper [39] extended the static/dynamic phase distinction to
a synthetic setting, where a type-theoretical proposition representing the static phase can be used to control the
phase distinction. When the proposition representing the static phase is inhabited, the dynamic components are
trivialized, achieving the non-interference between static and dynamic components. Similarly, calf observed that
cost analysis displays a similar structure: the cost of a program possibly depends on the behavior of the program,
but behavior of program can be analyzed independent of how much it costs. Crucially, calf postulates a new phase
beh for behavioral phase in which the cost is trivialized. Under the behavioral phase, only program behaviors are
considered, so one can prove that, for example, merge-sort is equal to insertion-sort because they both sort the list:

- beh - msort =jigt nat—Fiist nat) iSOrt.

This is achieved by considering an axiom stepy,., which states that all step counting instrumentations are silent
under the behavioral phase:
steppen : beh — stepy (e) =e.

However, in the cost-sensitive phase, merge-sort and insertion-sort, each instrumented with cost step counting (for
example, one unit of cost for each comparison operation), are different because they have different cost.

The original work of calf provides a categorical model of the type theory following the standard Eilenberg-
Moore model of call-by-push-value in which computation types are interpreted as algebras over a writer monad



that keep track of costs. Another important meta-theoretical property of calf as a programming language is the
canonicity property: roughly it states that every computation is equal to incurring some amount of cost and then
returning a value. The authors of calf conjectured that the canonicity property holds for calf and can be proved
succinctly via Sterling’s synthetic Tait computability [36]. Formally the theorem is stated as follows:

Theorem (Canonicity). For every closed computation e : F(nat), there exists ¢ : C and n : N such that e =
step®(ret(suc”(zero))), where suc” is the n-fold successor.

This work proves the theorem using synthetic Tait computability, thereby resolving the conjecture from the
original development of calf affirmatively. We begin by recalling some tools for synthetic phase distinctions and
techniques of synthetic Tait computability.

1.1 Toolbox for synthetic phase distinctions

In this section we collect some useful type structures that are used in the synthetic phase distinctions.

1.1.1 Propositions

As mentioned earlier, synthetically we can control the phase distinctions by an intuitionistic proposition. A
proposition is a type ¢ such that any two inhabitants of ¢ are equal, that is, a type that satisfies the property
isProp() := (a,b : ¢) — a = b. Semantically each proposition is interpreted as a distinguished subterminal object.
In calf, we use beh to represent the behavioral/cost phase distinction; in synthetic Tait computability, we use syn to
represent the syntax/semantics phase distinction.

1.1.2 Extension types

Originally introduced in the context of homotopy type theory [33]], extension types are a way to restrict elements of
a certain type under a proposition. For a proposition ¢ and an element ag : ¢ — A, the extension type {A | ¢ < ap}
classifies all elements a : A that are equal to ag under the proposition ¢. This is a generalization of singleton types
[43]] to a phased setting; indeed, when ¢ holds, the extension type {A | ¢ < ag} contains exactly one element ay.

Already in the context of synthetic phase distinctions, extension types play many roles. In Sterling and Harper
[39] it is used to model sharing specification in an ML module calculus. In Grodin et al. [13] it is used to give
behavioral specifications of algorithms and data structures. Last but not least, in synthetic Tait computability [36] it
is used to restrict the syntax component of a computability structure, which will be the main use in this work.

Notationally, we leave the coercion between the extension type and the original type implicit: ifa: {A | @ < ag}
then we write a : A as well.

1.1.3 Open modality

For a proposition @, the open modality OgA = @ — A is the lex idempotent reader monad for ¢ that enters the
phase corresponding to ¢. We write 1o, : A — OpA == A(a:A).A(-: ¢).a for the monadic return operation. When

No, 1A — OgA is an isomorphism, then we say that A is O(p-modalﬂ Open modality induces an open subuniverse
O = @ — % that classifies all O,-modal types. To be precise, the collection of all types A : Op% can be
given via the decoding function

E|O(pa]/ : O(p% —U
Elo,2(A) = (z:¢) > Az

1.1.4 Closed modality

For a proposition @, the closed modality @A is a lex idempotent monad defined as the pushout of 7; : A X @ — A
along the map m : A X ¢ — @, or equivalently a quotient type that equates all elements under the phase as follows:

Axp —2 5 ¢ data @, (A: %) : % where

N Ne, :A — @pA
ln' nep " lq’ *q,q:]{,:(p}a.(pA
A —— @A law: (a:A) {-: @} — Ne,a=x%¢

'In other work this notion has been referred to as open-modal/O-modal [34], @-transparent [41[37]], purely extensional types [28[14], and
behavioral types [15].



The quotient case law induced by the pushout must be respected by the elimination form of the closed modality.
We may succinctly gives the induction principle using extension types, following Sterling [36]:

®-IND
e: @pA B:@pA— U fi(a:A) = {B(ne,(a)) | ¢ — g} 819 — B(xp)

trye[f|@—gl:{Ble)| ¢ — g}

Similarly, non-dependent elimination form can be given as follows:

®-REC
e: @pA fA—={B|o—g} g:9—B

tryelf|o—gl:{Blo—g}

The corresponding 3 and 7 laws follows from the universal property of the pushout. We write mapg,, : (A —
B) — @yA — @B for the functorial action of the closed modality.

When ne, : A — @¢A is an isomorphism, then we say that A is @¢-modalj”| In particular it means A is
trivialized under the phase: OpA = 1 when A is @y-modal. Immediately the extension type {A | ¢ < ao} is
@ ,-modal because under @ it is a singleton type.

1.1.5 Strict glue types

An important property of synthetic phase distinctions is that the closed parts of a type can depend on the open parts
but not vice versa. This fact can be captured via a X-like type called the strict glue type [41} 48]].

GLUE
A:Op% B:Elo,%(A) — % a:Elo,%(A)F Bais @g-modal

(x:A)xBx:{% | o — A}

In particular, the first component of the strict glue type is Op-modal and the second component is @,-modal. The
extension type ensures that, under @, (x: A) X B x = A strictly, because under ¢ a @ ,-modal type is trivialized. The
elements of the strict glue type are pairs [¢ < a | b] where a : A and b : B a. Moreover, under @, [¢ — a | b] =a
strictly. We write 7, and 7, for the first and second projections respectively.

Importantly, every type has an open and a closed component via the fracture theorem [34]]; that is, every type is
isomorphic to a strict glue type. Yang [48] gives this isomorphism explicitly. Grodin et al. [15]] considers a slightly
different, but equivalent, glue type (there fibered, here indexed) in the context of behavioral/cost phase distinction
of calf and shows that it is useful for combining the behavior and cost of a data structure. In this work, we will
mostly use the strict glue type to model the syntax/semantics phase distinction in the context of synthetic Tait
computability.

The strict glue type can be defined in terms of the realignment/strictification axiom [2} 30} 41, [36] that turns a
partial isomorphism under ¢ into a strict equality. In such case the strict glue type can be defined as the realigned X
type of the same data A and B:

(x:A)x Bx:=realign (x:(z:¢9) > Az)xBx.

Gratzer et al. [[12] shows that every Grothendieck topos has a cumulative hierarchy of universes satisfying the
realignment axiom. We will give an explicit interpretation of the strict glue type in the particular category relevant
to this work in section 4l

1.2 Synthetic Tait computability

Syntactic meta-properties of type theories can be established using the method of logical relations [44} 31], in
which each type is equipped with a hereditarily defined computability predicate. Kaposi et al. [22] showed that
categorical gluing [6, §4.10], the construction of a category by gluing two categories along a functor, corresponds
to proof-relevant logical relations. In particular, gluing along the global section functor yields canonicity for a type
theory. This technique has been applied to various canonicity and normalization results, including simply-typed
A-calculus [8),/42]], System F [1]], and dependent type theory [5].

Sterling introduced the method of synthetic Tait computability [36], which replaces explicit reasoning in glued
categories with reasoning in the internal languages of the Artin gluing of topoi. These internal languages often

2In other work this notion has been referred to as closed-modal/@-modal [34], O-connected [34], ¢@-sealed [4011411137], purely intensional [28|
14] types, and algorithmic types [15].



support rich dependent type structures, allowing certain categorical constructions to be reduced to type-theoretic
programming. The method was first applied by Sterling and Harper [39] to prove parametricity for an ML module
calculus and has since become a key tool for proving metatheorems in dependent type theory. Notable applications
include normalization for Cartesian cubical type theory [38]] and multimodal type theory [9]. For a pedagogical
introduction, see Sterling [37]], as well as dissertations on the subject [36} 10, 48]].

1.3 Call-by-push-value

Levy’s call-by-push-value [24] is a polarized A-calculus that separates the type structures into pure value types
and effectful computation types, following the slogan values are, computations do. Call-by-push-value features a
free-forgetful adjunction between value types and computation types F 4 U. The induced monad UF is a natural
candidate for modeling computational effects. The fundamental operations governs the type structures are as
follows (writing A for value types and X for computation types):

F-INTRO F-ELIM U-INTRO U-ELIM
a:A eo: F(A) x:Ake X e: X a:U(X)
ret(a) : F(A) bind(eg;x.e1) : X thunk(e) : U(X) force(a) : X

where thunk(—) and force(—) are a pair of isomorphisms. calf is naturally situated inside call-by-push-value, since
cost counting is treated as an abstract computational effect. We refer readers to Levy [24]] for a detailed introduction
to call-by-push-value and Niu et al. [28]] for an introduction to the cost-aware variant of call-by-push-value.

Synopsis This paper is organized as follows. In section [2| we recall the cost-aware logical framework calf by
giving its signature in a logical framework, which gives a category of judgments that represents the syntax of
the type theory. In section [3]we give explicitly the computability structure of calf according to the techniques of
synthetic Tait computability. In section [4| we interpret the computability structure of calf into a glued category
that represents the semantics of the type theory, which allows us to conclude the canonicity property. Finally, in
section 5} we discuss related work and future directions.

2 A refresher on cost-aware logical framework

The presentation of a type theory can be given succinctly as a signature in a logical framework following the
Jjudgments as types slogan [20, 36]. Following the original development of calf, we give the signature of calf in a
semantic logical framework [ 16, 145} 49} 136], that is, the internal language of locally Cartesian closed categories.
The adequacy of such presentation follows from Gratzer and Sterling [11] on defining dependent type theories in
locally Cartesian closed categories.

In particular, we assume a universe of judgments Jdg closed under 1, I1, ¥, and extensional equality types, in
which we declare judgments of the type theory as constants. Binding and scope are handled by the framework-level
IT types via higher-order abstract syntax. The equational theory of the object language is given by framework-level
extensional equality between constants. We write (a,f3) : A = B when a and f3 are the forward map A — B and
backward map B — A of an isomorphism A =2 B. We write framework-level IT and X types using Nuprl style [4]
notation (x : A) — B x (with introduction form as A and elimination form as juxtaposition) and (x : A) x B x (with
introduction form as a pair and elimination form as projections) respectively.

We fix a monoid C with a pre-order and its associated monoid operations (C,0,+, <) for the signature of calf.
In particular calf features a dichotomy of value types tp* and computation types tp® in the manner of call-by-push-
value and a pair of adjoint type constructors F and U that mediates between value types and computation types.
Following the original development of calf, a term of a computation type X is defined as a term of value type U(X),
resulting in a version of call-by-push-value where the isomorphisms thunk(—) and force(—) are suppressed. To
keep track of cost counting, calf includes a step®(e) instruction on computations, and a behavioral phase (with its
corresponding open/closed modality) that synthetically “erases” the cost counting.

The signature for calf is given as follows:

record X.,;r where
tp™ : Jdg
tp© : Jdg
tm™ :tpt — Jdg
U:tp” —tp"



F
tm®°(X)
ret

bind
bindg
bindy,

bindassoc

step:

{X, e} step’(e) = e
{c1,c2,X, e} step”! (step?(e)) = step”! T2 (e)

stepg

step,

beh
behuni

Obeh(/)

StepPpen

O+

(apc;lamo)

.+
Ne

* .

Iaw.

ind.

{A,a,z} ne(a) =

ctpt — tp©

=tm" (U(X))
H{A:tpT} (a:tmT(A)) = tm“(F(A))
A tpt X tp®} tm° (F(A)) = (tmT(A) = tm7 (X)) — tm° (X)

{A,X,a, f} bind(ret(a); f) = f(a)
:{A,e} bind(e;ret) = e
{A,X,e, f,g} bind((bind(e; f));

g) = bind(e; (Aa.bind(f(a);g)))

{X}C —tm“(X) = tm°(X)

: Jdg

Hu,v:behtu=v

=beh — 7

{c,X, e} Open(step®(e) =e)

: tp+ — thr

H{A}tmT(OF

(A)) 2 Oben(tm ™ (4))

: thr — thr
H{A tmT(A) = tm™T (@1 (A))

{A} beh = tm™ (@"A)

*(2)
{A} (a:tm* (@7 (A))) = (X : tmT (@1 (4)) — tp°) —

(x0: (a:tm™(A4)) = tm”(X (ne(a)))) =
(x1: (z: beh) = tm® (X (x(2)))) —
((@:tm™(A)) = (z
tm” (X (a))
ind@nq :{A;a,%0,x1,h} inde(ne(a); X;x0;x15h) = xo(a)
inde, :{A,z,x0,x1,h} inde (x(2): X:x0:x1:1) = x1(2)

: beh) — xo(a) =x1(2)) =

IT: (A:tp™,X :tm™(A) — tp”) — tp°
(ap,lam) : {A, X} tm“(TI(A; X)) = (a: tm T (A)) — tm“(X(a))
tp") = tp”

Y:(A:tpT,B:tmT(A) =t
(unpair, pair) : {A,B} tm T (X(A;B)) = (a: tm*(A)) x tm T (B(a))

eq: (A:tpT) = tmT(A) = tmT(A) = tp"
(ref,self) : {A} (a,b: tm ™ (A)) = (@ =+ (a) b) = tm™ (eqy(a,b))
nat: thr
zero : tm™ (nat)
suc:tm™(nat) — tm™ (nat)

ind: (n:tm™(nat)) —

(X :tm™(nat) — tp®) — tm“(X(zero)) —



((n:tm™(nat)) — tm“(X(n)) = tm°(X(suc(n)))) — tm~(X(n))
ind,ero 1 {X, €0, €1} ind(zero; X;ep;e1) = e
indsyc : {X,n,e0,e1} ind(suc(n); X;ep;e1) = ey (n)(ind(n;X;e05e1))

aPseep {A, X, f,a,c} ap(step®(f))(a) = step”(ap(f)(a))
bindstep : {A, X, e, f,c} bind(step®(e); f) = step®(bind(e; f))

We slightly deviate from the original development of calf in the following ways:

1. We remove the mixed polarized Sigma type £t~ : (A : tp™, X : tm*(A) — tp®) — tp° and its associated
equations such as pairg,, : step®((a,e)) = (a,step®(e)). This is because such type allows for a projection
elimination rule that is able to “forget” effects: specifically, taking the first projection of a computation
step®((a,e)) gives a : A which is a pure value, effectively discarding the cost ¢. This is not desirable in a
cost-accounting setting, where inadvertent omission of cost can lead to unsoundness of cost analysis. To
recover computation level X types, the solution is to consider a dependent copower with a “split” elimination
in the style of Enriched Effect Calculus [7]. However, such elimination requires a linear typing context,
which is unclear how to model in the logical framework of locally Cartesian closed categories. We leave
further development of this idea to future work.

2. We consider a purely value level equality reflection by requiring ref and self to be isomorphisms, and remove
the need to discuss computation level equality reflection. This is consistent with the later development of
Grodin et al. [[14], and significantly simplifies the computability structure of equality types which we will
discuss in section

3. We replace the lamgep : lam(Ax.step(f x)) = step®(lam(f)) equation with apg., : ap(step®(f))(a) =
step®(ap(f)(a)) which is more natural in the context of call-by-push-value, and essential in the later
development of canonicity proof. The original equation lamstep is derivable from apg,, but not vice versa.

2.1 Category of judgments

A signature defined in the logical framework induces a category of judgments ¢ [36} [49]] where the objects are
judgments ¢ : Jdg and morphisms are equivalence class of deductions (modulo judgmental equality) between
judgments f: _#; — _#,. For example, judgments of the form

X1 :AL,xp Ag, Xyt Ay e: B
correspond to morphisms
e:tmt(A]) xtmT(Ay) x--- xtmt(4,) = tm™(B).

In particular, a closed term a of type A is then a morphism a : 14 — tm™(A).

Since the universe Jdg is closed under 1, IT, ¥, and extensional equality types, the category of judgments % is a
locally Cartesian closed category whose internal language is exactly extensional Martin-Lof type theory extended
with the constants declared in the signature X .qs.

Therefore, a model of calf in a locally Cartesian closed category & can be viewed in the following two ways:

1. A locally Cartesian closed functor 4 — & in the style of functorial semantics [23].

2. A term of type X¢qyr (viewed as a dependent record, or an iterated X type) in an extensional dependent type
theory (the internal language of &) where Jdg is interpreted as a universe in &'

The canonicity argument will eventually come down to the first view of functorial models, but usually such a
functor is tedious to construct directly. Instead, in the next section we will give a model of calf through the second
view in the language of synthetic Tait computability [36] that gives a computability structure for which a canonicity
argument can be made. The two views of models being equivalent goes back to Seely [35]]; Yang [49] proved the
same result in the specific case where % is the category of judgments as described here.



3 Computability structure of calf

We axiomatize the language of synthetic Tait computability, a variant of Martin Lof type theory extended with
toolbox of synthetic phase distinctions. We then construct a model of calf in this language in which we can deduce
the canonicity property. We will justify these axioms semantically in section 4]

Axiom 1. The language of synthetic Tait computability is an extensional Martin Ldf type theory with a universe
hierarchy 2y : % : %> : ---. For the sake of discussion we assume a pair of universes % and %; such that i < j.

Axiom 2. We axiomatize a proposition syn that represents the syntax/semantics phase distinction. Then we use the
toolbox of synthetic phase distinctions to obtain useful type structures such as extension types {A | syn < ag}, the
open modality OsynA, the closed modality @synA, and strict glue types (x : A) x B x.

Assume we have a structure M : X where Jdg is interpreted as the syn-open subuniverse Ogyn% . This
structure represents a generic syntactic model of calf. The use of open subuniverse makes sure that we can only
talk about the syntax of the type theory under the syntactic phase when we have a proof of syn.

In this section, we show how to construct a semantic computability structure M : {Zcqy¢ | syn < M} of a
sufficiently large universe %; that restricts to the syntactic model M under the syntactic phase. From this model we
will be able to prove a fundamental theorem of synthetic Tait computability, analogous to the fundamental theorem
of traditional logical relations.

Viewing Zcar as a dependent record, we can take projections such as M.tp™ : Osyn% and M.tm™ : M.tp™ —
Osyn . This means we are to define components of M that restricted to their syntactic counterparts under the
syntactic phase. In other words, we need to define M.tp* : {%; | syn — M.tp" }, M.tm™ : {M.tp" — %, | syn —
M.tm™}, and so on. Notationally, we use red for the syntax and blue for the semantics, so we may drop “M.” and
“M.” for brevity.

Axiom 3. We axiomatize a proposition beh that represents the behavioral/cost phase distinction of calf. Fur-
thermore we require that beh restricts to the actual syntactic beh under the syntactic phase, that is, beh : {%; |
syn < beh}. Again we have available its corresponding type structures such as the closed modality @uehA from
the toolbox.

Now we are ready to define the computability structure M : {Zcqy¢ | syn < M}.

3.1 Computability structure of judgments
3.1.1 Value types

Value types in call-by-push-values are exactly like the ordinary types in Martin-Lo6f type theory. Following Sterling
and Harper [39], we define the computability structure of value types as the collection of all terms of a syntactic
type A:

M.tp™ : {%;|syn—tp*}
M.tpt = (A:tp") x {% | syn — tm™ A}

M.tm™ : {tp* — % | syn —tm"}
M.tmTA = m.A

3.1.2 Computation types

The categorical semantics of calf, an instance of the standard Eilenberg-Moore model of call-by-push-value, tells us
that the semantics of a computation type requires more structure than value types. In particular, a computation type
X : tp® is interpreted as an algebra over the writer monad C x —. This suggests that the computability structure of
a computation type X should likewise be an algebra over monad.

We define a cost algebra structure CostAlg as a record with a carrier C and a mapping function sstep (stands for
semantic step) corresponding to the writer monad C x — as shown below. The mapping function is required to
satisfy the usual algebraic laws of a monad. Indeed sstepg and sstep are the unit and multiplication laws of monad
algebra. Ordinary call-by-push-value would have exactly those first four components, but we add an additional
equation ssteppep in the cost algebra that reflects a special property of erasing cost under the behavioral phase in
calf, in anticipation of having to satisfy the equation step,,. Importantly the syntactic step and its associated
equations forms exactly such an algebra SynAlg.



record CostAlg where
C: %
sstep: C—-C—C
sstepg : sstep O x = x
sstep. : sstep ¢ (sstep ¢z x) = sstep (¢; +¢2) x
ssteppeh : Obeh (SStep ¢ x = x)

SynAlg : syn — (X : tp”) — CostAlg
SynAlg.C=tm® X

SynAlg.sstep = step

SynAlg.sstepg = stepy
SynAlg.sstep = step,.
SynAlg.ssteppen = stepy.p

M.tp® : {%; | syn — tp"'}
M.tp” = (X : tp”') x {CostAlg | syn < SynAlg _ X}

3.2 Computability structure of types and terms
3.2.1 U and F adjunction

The usual categorical semantics of semantics suggests that F 4 U is a free-forgetful adjunction. This means that the
computability structure of F should likewise be a free cost algebra and the computability structure of U should be a
forgetful functor.

M.U: {tp” = tp" | syn — U}
M.UX = [syn — UX | (mX).C]

M.tm® : {tp® — %; | syn — tm"'}
M.tm®X = tm™(UX)

It is instructive to check that under the syntactic phase M.UX = [syn — UX | (m.X).C] restricts to UX by the
definition of the strict glue type. Indeed here m,X is a cost algebra for the computation type X and .C gives the
underlying carrier, which corresponds to a forgetful functor in the categorical semantics.

To give a computability structure for F type, we need to provide a cost algebra structure FAlg. This is the
centerpiece, and arguably the most complex part, of the canonicity proof. We break it down into pieces.

M.F: {tpt — tp® | syn — F}
M.FA = [syn < FA | FAlg A]

FAlg: (A:tp") — CostAlg

* First, the carrier FAlg.C should contain the key property of the canonicity proof: every computation of type
FA should be step®(ret(a)) for some a : tm™A and c : C. Later specializing the type A to nat will give us the
desired canonicity result, analogous to how the computability predicate at the base type should exactly be the
desired property in traditional logical relations arguments. Therefore, FAlg.C consists of a syntactic term of
type FA and a proof that it is of the form step®(ret(a)). Moreover, in anticipation of needing to satisfy the
steppen equation, which erases the cost under beh, we hide the cost ¢ : C under @pep.

FAlg.C = (e:tm"(FA)) X @syn((a:tmTA,bc : @penC) X )
where
o =try bc [A(c: C).Ogyn(e = step®(ret(a))) | beh < Ogyn(e = ret(a))]

It is important to check that this definition of carrier is properly typed:

1. The second component of the strict glue type is under @y, SO it is @sy,-modal.
2. Under beh, the two clauses of the try are equal because step®(ret(a)) = ret(a) by step,., equation.
3. Under syn, FAlg.C is equal to SynAlg.C = tm“(FA) by the definition of the strict glue type.

« Second, the role of FAlg.sstep is to add ¢ amount of cost to the semantical component that records cost via
mapg, ., (¢’ +_)(bc).



FAlg.sstep(c’ : C)((e,s) : FAIg.C) = [syn < step® (e) | mape,,, (7)(s)]
where
Y:((a:tmTA,bc: @pehC) x @) = ((a:tmTA,bc : @penC) X @)
Y(a:tm A bc: @penC,p: @) = (a,mapg, , (¢’ +)(bc), N0, (V)

The associated equations are updated with the new cost involving ¢/, and are valid because:
1. v :step® (e) = step® T¢(ret(a)) because from o we have an equation e = step®(ret(a)). Then
step® (¢) = step® (step®(ret(a))) = step® ¢ (ret(a))
by the step, equation.
2. v :step”(e) = ret(a) because again from o we have an equation e = ret(a). Then
step® (e) = step® (ret(a)) = ret(a)
under the behavioral phase by the step,;, equation.
We further need to check:

— The condition imposed by tp™: FAlg.sstep = SynAlg.sstep = step under syn; this is true because
/ /
[syn < step (e) | B] = step® (e) under syn by the definition of the strict glue type.

* By examining the definition of FAlg.sstep, we can easily see that the equations FAlg.sstepg and FAlg.sstep+
holds: the syntactic part of the equations holds by step, and step, equations, and the semantic part holds by
identity of 0 and associativity of + in the monoid structure C.

FAlg.sstepg = v/
FAlg.sstepy = v/

 Last but not least, to validate FAlg.ssteppen: under beh, we want to show that
FAlg.sstep ¢’ [syn < e | s] = [syn <> e 5].
Under beh, we have that ¥ is the identity function; therefore mapg,, (7)(s) = s, which is what we want.

FAlg.ssteppeh = Moy, (V')

3.2.2 Terms for step

Due to the construction of Alg, the term and equations for step are immediate by projecting from the algebra
structure.

M.step: {{X :tp"} - C — tm“(X) — tm™*(X) | syn — step}
M.step {X} = (m.X).sstep

M.stepy : {{X :tp*} — step®(e) = e | syn < step,}
M.stepy {X} = (T X).sstepg

M.step : {{X :tp"} — step“!(step®(e)) = step“1™<2(e) | syn < step_ }
M.step, {X} = (mX).sstepy

M.steppen : {{X : tpT} — Obpen(step®(e) =€) | syn < stepy.p }
M.stepyen, {X} = (T X).SSteppen
3.2.3 bind and ret

‘We move on to bind and ret.

M.ret: {(a:tm*(A)) = tm®(F(A)) | syn < ret}
M.ret a = [syn < ret a | Ne,,, (@, Ny, (0), Moy, (v : ret(a) = step®(ret(a))))]



That is, the semantics of ret(a) is that it returns the value a with 0 cost. The equation in red is true by judgmental
equality step, of the syntax.

M.bind : {tm“(F(A)) = ((a:tm™(A)) = tm“ (X)) — tm”(X) | syn < bind}
M.bind e f =try Tee [A(a:tm™*(A),bc : @benC,p: a).B | syn < bind e f]

where
B =try be [A(c: C).step’(f a) | beh — f a]

That is, the semantics of bind(e, f) is that if e incurs cost ¢ and returns a, then bind(e, f) will apply f to a with
¢ amount of cost added. We need to check that this definition type-checks:

1. The inner try clause is valid because under beh, we have step(f a) = f a by the step,,, equation above.

2. The outer try clause is valid because under syn, we have

syn
step“(f a)
= step“(f a) under syn
= step“(bind (ret(a)) f) by bindg
= bind (step®(ret(a))) f by bindstep
=binde f by p : Oeyn(e = step(ret(a)))

The case where beh holds is similar. Note that this is analogous to the head expansion lemma in the traditional
logical relations proof.

With these definitions, it is routine calculation to check that the associated equations hold.

M.bind[; =V
M.bind, = v’
M.bindassoc = v
M.bindstep = v/

3.24 Iland X

The computability structure of IT and X types follows a similar pattern of defining the cost algebraic structure Alg
as F type.

MAlg: (A:tp™) — (X : tm*(A) — tp”) — CostAlg
ITAlg.C = (e tm~ (I A X)) x {(a:tm"(A)) = tm”(X a) | syn — ap e}
[MAlg.sstep ¢’ (e:tm“(ITAX),f: (a:tm"(A)) > tm“(X a)) =

[syn < step® (¢) | A(a : tm*(A)).step® (f a)]

To make sure the definition of ITAlg.C type-checks, we need to verify that under the syntactic phase:

syn -
Aa:tm™(A)).step” (f a)
= Ala:tm"(A)).step® (f a) under syn
=A(a:tm™(A)).step (ap ea) by the extension type restriction
=A(a:tm"(A)).ap (step® ( ) a by apiep
=ap (stepc (e)) by 1 of lambda

Again it is routine calculation to check that the associated equations hold, appealing to each equations stepy,
step, , and stepy, in red and blue.

TMAlg.sstepy = v/
ITAlg.sstep, = v
[TAlg.ssteppeh = nosyn(\/)
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MIT: {(A:tp™) = (tmT(A) = tp®) — tp® | syn — [T}
MITAX =[syn —I1A X |TTAlg A X]

M.lam: {((a:tm™(A)) = tm®(X a)) — tm~(ITA X) | syn < lam}
M.lam f = [syn < lam f | f]

M.ap: {tm“(ITAX) — (a:tm™(A)) = tm“(X a) | syn < ap}
M.ap e a = (T.e) a

From this definition it is immediate that the 3 and 1 laws for IT types hold:

ap (lam f) a = (mu([syn = lam f [ f])) a= fa

and
lam (ap e) = [syn < lam (ap e) | ap e] = [syn <> ¢ | Tae] = e.

The computability structure of X types follows directly from Sterling [36, §4.4.1.3] since we are considering a
purely value level X type.

3.2.5 Modalities

The computability structure of the open modality, being a reader monad, displays a similar pattern as the IT type
as they are both encoded using the framework-level function space. That is, the semantics of object-level open
modality O is given by the meta-level open modality OpepA = beh — A.

M.O": {tp" = tp" |syn—= O}
M.OTA =[syn = OTA | (a:tm"(OTA)) x {beh — tmT(A) | syn < ap., a}]

M.lamg : {(beh — tm*(A)) = tm*(OTA) | syn < lam~}
M.lamg f = [syn < lamo, f | f]

M.ap, : {tmT(OTA) — beh — tm™ (A) | syn — ap.,}
M.ap az=(Tea) z

Similarly the semantics of object-level closed modality @™ is conveniently given by the closed modality @pen
in the meta language of synthetic Tait computability.

M.@':{tp" —tp" |syn— @'}
M.@TA=[syn—> @ A|(a:tm" (@A)) x §]

where
0 = @syn((ba: @uen(tm™(A))) x try ba [A(d" : tm™(A)).Osyn(a = ne(a’)) | beh < Ogyn(a = x(-))])

The two clauses of the try is identified under beh because of the lawg : g (a) = *(z) equation.
M.ng : {tm"(A) = tm™ (@1 (A)) | syn — ne}
Mn. a= [Syn — n. a | n.syn (n.beh (Cl), nOsyn (‘/ : n. (a) = n. (a)))]
M.x: {beh — tm™ (@ (A)) | syn = %}
M.x 2= [syn <= x 2| Negyn (*ben(2), Nogyn (V' %(2) = %(1)))]
The equation lawg holds directly by the meta-level law for closed modality. The induction principle for closed
modality is modeled by the try construct of meta-level closed modality.
3.2.6 Equality types

Since the extensional equality type eq is a value type in calf, it behaves no differently from the usual equality type
in Martin-Lof type theory. The computability structure of equality types is then exactly the same as one given in
Sterling [36] §4.4.1.4].
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3.2.7 Natural numbers

As a final ingredient, we define the computability structure for the nat type, which is the subject of the canonicity
result. This roughly follows Buchholtz and von Branitz [3]], adjusting to a call-by-push-value setting, and fixing a
slight bug in that work.

M.nat: {tp™ | syn < nat}
M.nat = [syn < nat | (¢ : tm™ (nat)) X @syn((n: N) X Ogyn(e = suc”(zero)))]

M.zero : {tm™(nat) | syn < zero}
M.zero = [syn < zero | Ne, (0, Moy, (v : zero = zero))]

M.suc : {tm™(nat) — tm™(nat) | syn < suc}
M.suc e = [syn = suc e | mapg,, (6)(7ae)]

where
0 : (n:N) X Ogyn(suc*(zero)) — (n: N) x Ogyn(suc”(zero))
6 (n,p) = (1 +n,M0y, (Vv :suc(e) = suc!*”(zero)))

M.ind : {(e: tm™(nat))
— (X :tm™(nat) — tp”)
— tm~ (X zero)
— ((n:tm™(nat)) — tm“ (X n) — tm“(X (suc(n))))
—tm®(X e) | syn < ind}
M.ind e X eg e; = try Tlae [A(n, p).0(n) | syn — ind e X ¢ e}]

where

o: (n:N)—tm®(X (suc"(zero)))
(D(O) =€

o(1+n) = e (suc’(zero)) (w(n))

Remark. In Buchholtz and von Branitz [I3)], the definition of ind is slightly erroneous in that in therein p : Ogyn(e =
suc”(zero)) goes into the meta-level induction ®, but it is an equation about the term e : tm™ (nat) which never
changes. The correct definition is as we have shown above. The role of proof p here is to make sure ®(n) has the
correct type tm° (X e).

3.3 Fundamental theorem

We may finally conclude that the computability structure M is a model of calf in the sense that it satisfies the
signature Y. In particular, the computability structure M restricts to the syntactic model M under the syntactic
phase. Furthermore there are structure-preserving homomorphisms bluify : M — M and 1o, : M — M such that
NOsgyn © bluify = 1d:

bluif
M—
Id

<

Nosyn

—

<

We recall our theorem statement, stating in the language of M:

Theorem (Canonicity). For every term e :tm“ (F(nat)), there exists ¢ : C and n : N such that e = step®(ret(suc”(zero))).

4 Interpreting the computability structure

The aforementioned theorem can be stated in the language of category of judgments %’

Theorem (Canonicity). In the category of judgments of calf €, for every morphism e : 14 — tm® (F(nat)), there
exists ¢ : C and n : N such that there is a morphism p : 14, — e = step®(ret(suc™(zero))).



The proof strategy is as follows: we find a locally Cartesian closed category & and a locally Cartesian closed
functor bluify : € — & according to the definition of M. The morphism e : 1> — tm~(F(nat)) is then sent to a
morphism bluify(e) : 1, — tm®(F(nat)) in &. The canonicity theorem is then proved by examining this morphism
iné&.

The recipe of synthetic Tait computability is that the computability result can be constructed from a comma
category & := Pr(.%) | N, where

Ny : € — Pr()
Ny (X) =Homy(p—,X)

N, is a nerve functor from the category of judgments ¢ introduced earlier to a chosen presheaf category Pr(.#)
along the shape p : .# — €. This category is called the Artin Gluing of N,. For example, in the case of the
canonicity proof of ordinary Martin-Lof type theory, the category .# is chosen to be 1¢q¢ and shape p : ¢t — €
is the terminal functor that sends everything to 1¢.

The semantics of calf [28, §5] (or more generally, semantics of phased type theory) is given by a two-world
Kripke semantics, that is, presheaves on the “walking arrow” category .# := {o — e}, where o is the behavioral
world (the behavioral phase) and e is the cost-sensitive world (the ambient “true” phase). Therefore the nerve
functor N, is given by the following:

p: I =€
p (o) = beh
p(e) =1y
p(o—e)="1:beh — 1y

The anti-monotonicity property of Kripke semantics, which says that a judgment holds under the “true” phase
- F A (as a morphism 14> — A) implies it also holds under the behavioral phase beh - A (as a morphism beh — A),
is captured by the fact that pre-composing every morphism a : 1> — A with the unique morphism ! : beh — 14
gives a morphism a o ! : beh — A.

To be explicit, objects of the comma category & := Pr(.%) | N, are

S* € Set 8" :8° — Hom(14,A)
<A €E, Lf , >
S° € Set g°:S° — Hom(beh,A)

such that the following diagram commutes:

s* —*% s Hom(14,A)

N

§° —% 5 Hom(beh,A)

where the morphism —o! : Hom(14,A) — Hom(beh, A) is pre-composition with the unique morphism ! : beh — 1.
Informally an object should be understand as having a syntactic part A from the category of judgments ¢, and
a semantic part S* (representing proofs in the cost-sensitive phase) and S° (representing proofs in the behavioral
phase) from the presheaf Pr(.#), and a pair of functions g* and g° that makes sure that the syntax and semantics
agree.
Morphisms in this category are three tuples @ : A — B, h* : $* — T*, and h° : §° — T° such that the following
squares commute:

S. h. T. SO ho TO

T T

Hom(14,A) Hom(14,B)  Hom(beh,A) —————— Hom(beh, B)

Hom(14,a Hom(beh,a)

In particular there is a forgetful functor 7, : & — % that forgets the semantic part. Its action on objects is given
by 7. (A,S*,5°,8%,8°) = A and on morphisms by 7, (a,h®,h°) = a.

Importantly, since the category of judgments % is locally cartesian closed, the Artin Gluing of a left-exact
functor N, is also locally cartesian closed. This means that the internal language of & is a rich extensional

13



dependent type theory, which is the language of synthetic Tait computability, that is capable of interpreting M.
Normal dependent type theory constructs can be interpreted into arbitrary locally Cartesian closed categories
[35}21], and we will show extra structures of synthetic Tait computability can be interpreted in & as well. What
remains is to see what exactly is the morphism bluify(e) : 14 — tm®(F(nat)) in this interpretation.

4.1 Interpreting phases and modalities
4.1.1 Phases

As phases are propositions, they are interpreted as distinguished subterminal objects. In particular, we have:

0get 1 0get — Hom(1y, 1) = 1geq
[syn] == <1%‘7 l ;
Oset 11 0get — Hom(beh, 1¢) = 1ggy
Oget !': 0get — Hom (14, beh)
[beh] == <beh, l , >
Iset I': 1get — Hom(beh,beh) = 1gey

We can check that both [syn] and [beh] are indeed subterminal objects in &.
The syntactic part 7, of [beh] is exactly beh, validating axiom [3|that beh : {%; | syn < beh}.
4.1.2 Modalities

The modalities Osyn and @syy, are interpreted as the exponential functor (—)[¥"] and pushout along projections of
A x [syn] respectively.

S° g° Hom(14,A) id : Hom(14,A) — Hom(14,A)
[Osyn]]<A7 J{ ) > = <Aa J{ )
§° g° Hom(14,A) —o!:Hom(14,A) — Hom(beh,A)
S° g° S® 1:8° = Hom(14,14) = 1get
[.SYHH<A7 J{ ) > = <1%77 J{ ) >
S° g° Se 1:8° = Hom(beh,1¢) = 1get

In particular, we observe that any @,,-modal objects have trivial first and third components, and the only
interesting part is the semantic presheaf S* — S°.

4.1.3 Strict glue types
To determine the interpretation of the strict glue type (x: A) x B(x), we observe that

1. Ais Osyn-modal, so its interpretation must be of the form

Hom(1,:,4) d
()
Hom(14,A) —o!

2. For each closed term of type A, as a morphism «a : 14 — A, we have that B(a) is @sy,-modal, so its
interpretation must be of the form

S !
wwm=<ma Ll >
!

Sa
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Gluing them together, keeping in mind that strict glue type behaves like a ¥ type, we have:

{(a,b) | a € Hom(14,A),b € S5} 4]
[(x:A) x B(x)] = <A, | , >
{(a,b) | a € Hom(14,A),b € S5} (=ol)om

where
(=ol)om : {(a,b) | a € Hom(14,A),b € S;} — Hom(beh,A)

is the pre-composition of every a« € Hom(14,A) with the unique morphism ! : beh — 1.

4.2 Interpreting other type structures
As mentioned above, the eventual goal is to find the object corresponding to tm® (F(nat)). We recall:
tm®(F(nat)) = (e : tm"~ (F(nat))) X @syn((1n: N,bc : @penC) X @)
o =try be [A(c: C).Ogyn(e = step®(ret(suc”(zero)))) | beh < Ogyn(e = ret(suc™(zero)))]

Notably the second component of tm®(F(nat)) is @s,,-modal, so its interpretation will have a trivial syntax
part 1 ; the only interesting part is the semantic presheaf, which we denote as [—];. Common types such as N
and C are interpreted as constant presheaves; X types are interpreted in the usual way in a presheaf category. Open
erases the cost-sensitive part of the presheaf and @y.h trivializes the behavioral part of the presheaf.

[AlS N C
[A]s = l [N]s = lid [C]s = lid
[Als N C
Oset [A]S [A]:
[beh] == l [ObenA]s = lid [@benA]s := l!
Iset [A]§ 1set

We have the interpretation of try e [f | beh < g| : B as morphisms between presheaves:

° . * . Oset — [[B]];
Iset — [A]® [A]* - [B]® _ _
[e: @bend]s = j l [f:A— B],= i i [¢: beh — B l lo
Iget — Iset [A]e — [BIS Iset — [B];
e 5 [B;
[try e [f | beh — g] : B]; == J J

o —— [B];
Lastly, we have the interpretation of Ogyn(a = b) as:

Hom(1y,a =b)

[[Osyn(a =b)]s= l
Hom(beh,a = b)
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From here we can conclude that the interpretation of tm®(F(nat)) is:

{(e,p) | e € Hom(14,tm~ (F(nat)),n € N,c € C,p € Hom(14,e = step(ret(suc”(zero)))))}

[tm® (F(nat))], = |

{(e,p) | e € Hom(14,tm" (F(nat)),n € N,c € C, p € Hom(beh,e = ret(suc”(zero))))}

and hence
[em® (F(nat))]; i
[tm® (F(nat))] = <tm"?(F(nat)), | , >
[tm® (F(nat))]¢ (—ohom

4.3 Fundamental theorem

We can now transpose the fundamental theorem stated in the language of dependent type theory in section[3.3]to
the language of category theory. In particular, we have:

1. The model M of X4 stated in the internal language of & induces a unique locally Cartesian closed functor
bluify : ¢ — &.

2. The construction Ogyn (M = M) means that the syntactic part of any bluify(A) is still A. In other words, bluify
is a section of 7, in the sense that 7, o bluify = Id¢.

This is illustrated in the following diagram:

4.4 Read off the canonicity theorem

Suppose we have a morphism e : 1, — tm®(F(nat)). Lifting it via functor bluify, we have a corresponding
morphism bluify(e) : 1, — tm®(F(nat)) in the category &. That is, a morphism from

Lset ! [tm® (F(nat))[? i
<1(1g7 l , > to <tm:'7(F(nat)), l , >
Lset ! [tm® (F(nat))]5 (=ol)om

Examining this morphism, it consists of (among others) ¢’ : 1, — tm"“'(F(nat)) and h* : 1ge¢ — [tm~ (F(nat))]$
such that the following diagram commutes:

Iset i [tm® (F(nat))]?

Hom(14,14) = 1g¢g ——— Hom(14,tm“ (F(nat)))
e
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Taking 7, (bluify(e)) = ¢'. By the fundamental theorem, 7, o bluify must be the identity, so ¢’ = e. Therefore
we have:

Iset —— " [tm® (F(nat))[}

1get ——— Hom(14,tm“ (F(nat)))
Now this diagram tells us that
h* € {(e,p) | e € Hom(14,tm" (F(nat)),n € N,c € C,p € Hom(1y,e = step®(ret(suc”(zero)))))}

and 7, (h*) = e. Therefore
m(h*) : 14 — e = step®(ret(suc”(zero)))

is exactly a proof that e = step®(ret(suc”(zero))) for some n € N and ¢ € C.

5 Conclusion and future work

In this work, we proved the canonicity property of calf using the method of synthetic Tait computability pioneered
by Sterling [36]. The core idea is that meta-theoretic properties of a type theory can be proved in a sufficiently rich
glued category, whose internal language is an extensional dependent type theory enriched with the syntax/semantics
phase distinction. Then the construction of a model of the object type theory in the glued category can be realized
by a programming exercise in the internal language. The use of logical framework and synthetic phase distinctions
gives us a succinct, modular proof of logical relations.

5.1 Related work
5.1.1 Cost-aware logical framework

The reason why it is worth studying the metatheory of calf as presented in this work is that calf is already a fruitful
research direction to study mechanized cost analysis of functional and amortized algorithms and data structures
[13} 25} 15 [14] and cost-aware denotational semantics [27, |29]. The canonicity property proved in this work
is an important (albeit basic) meta-theoretic property that ensures the soundness of the cost analysis. A more
comprehensive overview of the cost-aware logical framework can be found in Niu’s thesis [26].

5.1.2 Traditional logical relations

Meta-theoretic properties of type theories are traditionally proved using logical relations, also known as Tait’s
computability method [44} 31]]. Here we draw a comparison between this work and pedagogical materials on
traditional logical relations of a cost-aware phased type theory [18] and call-by-push-value [17]]. Harper [18]
considers a lax type theory and logical relations over an operational semantics, but is otherwise exactly the same as
calf (step counting as an effect and a behavioral phase that synthetically erases the cost). Many proof burdens in
traditional logical relations such as anti-monotonicity of the Kripke logical relations, head-expansion lemmas, and
the usual tedious work on substitutions are silently discharged in the method of synthetic Tait computability as
shown in this work, highlighting the advantages of the synthetic approach.

5.2 Future work

Here we discuss some possible extensions of calf, whose meta-theoretic properties should be able to be proved
using synthetic Tait computability.

5.2.1 Universes in calf

We naturally expect calf, as a dependent type theory, to have a universe hierarchy. The difficulty lies in the polarized
setting of call-by-push-value: the universes of value types ought to be themselves value types, but what about
the universes of computation types? In two independent prior extension of calf, both options are explored. In
the work of Niu and Harper [27], following Pédrot and Tabareau [32], the universe of computation types is a
computation type; this allows effects to be tracked on the type level: for example, a term of type step®(F(nat))
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must at least incur ¢ cost and return a natural number. In the work of Grodin et al. [[15], following Vakar [46} 47],
the universe of computation types is a value type; this way they can have computation types such as F(list nat) as
the implementation type of data structures. A priori it is not clear which option is “correct”; nevertheless either
options should be able to be modeled in the synthetic Tait computability following Sterling’s treatment of universes
in dependent type theory [36} §4.4.3].

5.2.2 Other effects in calf

The presentation of calf in this work is a simple language with only cost effects. It is natural to extend it with
other effects. Grodin et al. [[14]] explored effects such as state and probabilistic sampling in the context of calf by
considering an intrinsic ordering on programs e < ¢’ that expresses that e and ¢’ are equivalent in terms of other
effects but e may incur less cost. We expect to be able to model these extensions in the synthetic Tait computability
by considering a more complicated glued category & following the semantics of Grodin et al. [[14]. Other effects
such as partiality should likewise be able to be modeled following the semantics of Niu et al. [[29].

Acknowledgements

We acknowledge Harrison Grodin for valuable discussions that directly and indirectly inspired this work. This
material is based upon work supported by the United States Air Force Office of Scientific Research under grant
number FA9550-21-0009 and FA9550-23-1-0434 (Tristan Nguyen, program manager). Any opinions, findings and
conclusions or recommendations expressed in this material are those of the authors and do not necessarily reflect
the views of the AFOSR.

References

[1] Thorsten Altenkirch, Martin Hofmann, and Thomas Streicher. Reduction-free normalisation for system f.
Available athttps://people.cs.nott.ac.uk/psztxa/publ/f97.pdf, 1996.

[2] Lars Birkedal, Ale§ Bizjak, Ranald Clouston, Hans Bugge Grathwohl, Bas Spitters, and Andrea Vezzosi.
Guarded Cubical Type Theory: Path Equality for Guarded Recursion. In Jean-Marc Talbot and Laurent
Regnier, editors, 25th EACSL Annual Conference on Computer Science Logic (CSL 2016), volume 62 of
Leibniz International Proceedings in Informatics (LIPIcs), pages 23:1-23:17. Schloss Dagstuhl — Leibniz-
Zentrum fiir Informatik, 2016. ISBN 978-3-95977-022-4. doi: 10.4230/LIPIcs.CSL.2016.23. URL https:
//drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2016.23,

[3] Ulrik Buchholtz and Johannes Schipp von Branitz. Primitive recursive dependent type theory. In Proceedings
of the 39th Annual ACM/IEEE Symposium on Logic in Computer Science, pages 1-12. ACM, 2024. ISBN
9798400706608. doi: 10.1145/3661814.3662136. URL https://dl.acm.org/doi/10.1145/3661814 |
3662136,

[4] Robert L. Constable, Stuart F. Allen, H. M. Bromley, W. R. Cleaveland, J. F. Cremer, R. W. Harper, Douglas J.
Howe, T. B. Knoblock, N. P. Mendler, P. Panangaden, James T. Sasaki, and Scott F. Smith. Implementing
Mathematics with the Nuprl Proof Development System. Prentice-Hall, 1986.

[5] Thierry Coquand. Canonicity and normalization for dependent type theory. 777:184-191, 2019. ISSN
0304-3975. doi: https://doi.org/10.1016/j.tcs.2019.01.015. URL https://www.sciencedirect.com/
science/article/pii/S0304397519300325. In memory of Maurice Nivat, a founding father of Theoret-
ical Computer Science - Part I.

[6] Roy L. Crole. Categories for Types. Cambridge University Press, 1994.

[7] J. M. Egger, Rasmus Ejlers Mggelberg, and Alex K. Simpson. The enriched effect calculus: syntax and
semantics. J. Log. Comput., 24:615-654, 2014. URL https://api.semanticscholar.org/CorpusID:
6357439.

[8] Marcelo Fiore. Semantic analysis of normalisation by evaluation for typed lambda calculus. In Proceedings
of the 4th ACM SIGPLAN International Conference on Principles and Practice of Declarative Programming,
PPDP °02, pages 26-37. Association for Computing Machinery, 2002. ISBN 1581135289. doi: 10.1145/
571157.571161. URL https://doi.org/10.1145/571157.571161.

18


https://people.cs.nott.ac.uk/psztxa/publ/f97.pdf
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2016.23
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2016.23
https://dl.acm.org/doi/10.1145/3661814.3662136
https://dl.acm.org/doi/10.1145/3661814.3662136
https://www.sciencedirect.com/science/article/pii/S0304397519300325
https://www.sciencedirect.com/science/article/pii/S0304397519300325
https://api.semanticscholar.org/CorpusID:6357439
https://api.semanticscholar.org/CorpusID:6357439
https://doi.org/10.1145/571157.571161

[9] Daniel Gratzer. Normalization for multimodal type theory. In Proceedings of the 37th Annual ACM/IEEE
Symposium on Logic in Computer Science, pages 1-13. ACM, 2022. ISBN 978-1-4503-9351-5. doi:
10.1145/3531130.3532398. URL https://dl.acm.org/doi/10.1145/3531130.3532398|

[10] Daniel Gratzer. Syntax and semantics of modal type theory. 2023. URL https://www.danielgratzer)
com/papers/phd-thesis.pdf.

[11] Daniel Gratzer and Jonathan Sterling. Syntactic categories for dependent type theory: sketching and adequacy,
2021. URL https://arxiv.org/abs/2012.10783,

[12] Daniel Gratzer, Michael Shulman, and Jonathan Sterling. Strict universes for grothendieck topoi, 2024. URL
https://arxiv.org/abs/2202.12012.

[13] Harrison Grodin and Robert Harper. Amortized Analysis via Coalgebra. Volume 4 - Proceedings of MFPS
XL, 2024. ISSN 2969-2431. doi: 10.46298/entics.14797. URL https://entics.episciences.org/
paper/view/id/14797.

[14] Harrison Grodin, Yue Niu, Jonathan Sterling, and Robert Harper. Decalf: A Directed, Effectful Cost-Aware
Logical Framework. 8(POPL):10:273—-10:301, 2024. doi: 10.1145/3632852. URL https://dl.acm.org/
doi/10.1145/3632852.

[15] Harrison Grodin, Runming Li, and Robert Harper. Abstraction functions as types, 2025. URL https:
//arxiv.org/abs/2502.20496,

[16] Robert Harper. An equational logical framework for type theories, 2021. URL https://arxiv.org/abs/
2106.01484.

[17] Robert Harper. Call-by-push-value. Unpublished lecture note., 2025. URL https://www.cs.cmu.edu/
~rwh/courses/atpl/pdfs/cbpv.pdf.

[18] Robert Harper. Cost effects and phases. Unpublished lecture note., 2025. URL https://www.cs.cmu.edu/
~rwh/courses/atpl/pdfs/cost.pdf.

[19] Robert Harper, John C. Mitchell, and Eugenio Moggi. Higher-order modules and the phase distinction. In
Proceedings of the 17th ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages,
POPL ’90, pages 341-354. Association for Computing Machinery, 1989. ISBN 978-0-89791-343-0. doi:
10.1145/96709.96744. URL https://doi.org/10.1145/96709.96744.

[20] Robert Harper, Furio Honsell, and Gordon Plotkin. A framework for defining logics. 40(1):143-184, 1993.
ISSN 0004-5411. doi: 10.1145/138027.138060. URL https://doi.org/10.1145/138027.138060.

[21] Martin Hofmann. On the interpretation of type theory in locally cartesian closed categories. In Selected Papers
from the Sth International Workshop on Computer Science Logic, CSL *94, pages 427-441. Springer-Verlag,
1994. ISBN 3540600175.

[22] Ambrus Kaposi, Simon Huber, and Christian Sattler. Gluing for type theory. 131:25:1-25:19, 2019. ISSN
1868-8969. doi: 10.4230/LIPICS.FSCD.2019.25.

[23] F. William Lawvere. Functorial semantics of algebraic theories. 50(5):869-872, 1963. doi: 10.1073/pnas.50.
5.869. URL https://www.pnas.org/doi/abs/10.1073/pnas.50.5.869.

[24] Paul Blain Levy. Call-By-Push-Value: A Functional/Imperative Synthesis. Springer Netherlands, 2003. ISBN
978-94-010-3752-5 978-94-007-0954-6. doi: 10.1007/978-94-007-0954-6. URL http://link.springer|
com/10.1007/978-94-007-0954-6,

[25] Runming Li, Harrison Grodin, and Robert Harper. A Verified Cost Analysis of Joinable Red-Black Trees,
2023. URL http://arxiv.org/abs/2309.11056,

[26] Yue Niu. Cost-sensitive programming, verification, and semantics. 2024. doi: 10.1184/R1/
28352006.v1. URL https://kilthub.cmu.edu/articles/thesis/Cost-sensitive_programming_
verification_and_semantics/28352006.

[27] Yue Niu and Robert Harper. A metalanguage for cost-aware denotational semantics. In 2023 38th Annual
ACM/IEEE Symposium on Logic in Computer Science (LICS), pages 1-14, 2023. doi: 10.1109/LICS56636.
2023.10175777.

19


https://dl.acm.org/doi/10.1145/3531130.3532398
https://www.danielgratzer.com/papers/phd-thesis.pdf
https://www.danielgratzer.com/papers/phd-thesis.pdf
https://arxiv.org/abs/2012.10783
https://arxiv.org/abs/2202.12012
https://entics.episciences.org/paper/view/id/14797
https://entics.episciences.org/paper/view/id/14797
https://dl.acm.org/doi/10.1145/3632852
https://dl.acm.org/doi/10.1145/3632852
https://arxiv.org/abs/2502.20496
https://arxiv.org/abs/2502.20496
https://arxiv.org/abs/2106.01484
https://arxiv.org/abs/2106.01484
https://www.cs.cmu.edu/~rwh/courses/atpl/pdfs/cbpv.pdf
https://www.cs.cmu.edu/~rwh/courses/atpl/pdfs/cbpv.pdf
https://www.cs.cmu.edu/~rwh/courses/atpl/pdfs/cost.pdf
https://www.cs.cmu.edu/~rwh/courses/atpl/pdfs/cost.pdf
https://doi.org/10.1145/96709.96744
https://doi.org/10.1145/138027.138060
https://www.pnas.org/doi/abs/10.1073/pnas.50.5.869
http://link.springer.com/10.1007/978-94-007-0954-6
http://link.springer.com/10.1007/978-94-007-0954-6
http://arxiv.org/abs/2309.11056
https://kilthub.cmu.edu/articles/thesis/Cost-sensitive_programming_verification_and_semantics/28352006
https://kilthub.cmu.edu/articles/thesis/Cost-sensitive_programming_verification_and_semantics/28352006

[28] Yue Niu, Jonathan Sterling, Harrison Grodin, and Robert Harper. A Cost-Aware Logical Framework. 6
(POPL):9:1-9:31, 2022. doi: 10.1145/3498670. URL https://doi.org/10.1145/3498670.

[29] Yue Niu, Jonathan Sterling, and Robert Harper. Cost-sensitive computational adequacy of higher-order
recursion in synthetic domain theory. Electronic Notes in Theoretical Informatics and Computer Science,
Volume 4 - Proceedings of MFPS XL.:18, Dec 2024. ISSN 2969-2431. doi: 10.46298/entics.14732. URL
https://entics.episciences.org/14732,

[30] Ian Orton and Andrew M. Pitts. Axioms for Modelling Cubical Type Theory in a Topos. In Jean-Marc
Talbot and Laurent Regnier, editors, 25th EACSL Annual Conference on Computer Science Logic (CSL 2016),
volume 62 of Leibniz International Proceedings in Informatics (LIPIcs), pages 24:1-24:19. Schloss Dagstuhl
— Leibniz-Zentrum fiir Informatik, 2016. ISBN 978-3-95977-022-4. doi: 10.4230/LIPIcs.CSL.2016.24. URL
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2016.24,

[31] G.D. Plotkin. Lambda Definability and Logical Relations. (SAI-RM-4), 1973. URL https://homepages.
inf.ed.ac.uk/gdp/publications/logical_relations_1973.pdf.

[32] Pierre-Marie Pédrot and Nicolas Tabareau. The Fire Triangle: How to Mix Substitution, Dependent Elimina-
tion, and Effects. 4(POPL):58:1-58:28, 2019. doi: 10.1145/3371126. URL https://doi.org/10.1145/
3371126l

[33] Emily Riehl and Michael Shulman. A type theory for synthetic co-categories. 1(1):147-224, 2017. doi:
10.21136/HS.2017.06. URL http://articles.math.cas.cz/10.21136/HS.2017.06,

[34] Egbert Rijke, Michael Shulman, and Bas Spitters. Modalities in homotopy type theory. Volume 16, Issue 1,
2020. doi: 10.23638/LMCS-16(1:2)2020. URL https://1mcs.episciences.org/6015/pdf,

[35] R. A. G. Seely. Locally cartesian closed categories and type theory. 95:33-48, 1984.

[36] Jonathan Sterling. First steps in synthetic Tait computability: The objective metatheory of cubical type theory,
2021. Version 1.1, revised May 2022.

[37] Jonathan Sterling. Naive logical relations in synthetic Tait computability, 2022. URL https://www.
jonmsterling.com/hash-bafkrmialyvkzh6w6snnzr3k4h2b62bztsk4le57idughqik24bltinieki.
pdf.

[38] Jonathan Sterling and Carlo Angiuli. Normalization for cubical type theory. In 2027 36th Annual ACM/IEEE
Symposium on Logic in Computer Science (LICS), pages 1-15,2021. doi: 10.1109/LICS52264.2021.9470719.
URL https://ieeexplore.ieee.org/document/9470719/7arnumber=9470719,

[39] Jonathan Sterling and Robert Harper. Logical Relations as Types: Proof-Relevant Parametricity for Program
Modules. 68(6):41:1-41:47,2021. ISSN 0004-5411. doi: 10.1145/3474834. URL https://dl.acm.org/
doi/10.1145/3474834.

[40] Jonathan Sterling and Robert Harper. A metalanguage for multi-phase modularity, 2021. URL
https://icfp2l.sigplan.org/details/mlfamilyworkshop-2021-papers/5/A-metalanguage-
for-multi-phase-modularity.

[41] Jonathan Sterling and Robert Harper. Sheaf Semantics of Termination-Insensitive Noninterference. In Amy P.
Felty, editor, 7th International Conference on Formal Structures for Computation and Deduction (FSCD 2022),
volume 228 of Leibniz International Proceedings in Informatics (LIPIcs), pages 5:1-5:19. Schloss Dagstuhl —
Leibniz-Zentrum fiir Informatik, 2022. ISBN 978-3-95977-233-4. doi: 10.4230/LIPIcs.FSCD.2022.5. URL
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.FSCD.2022.5.

[42] Jonathan Sterling and Bas Spitters. Normalization by gluing for free A-theories, 2018. URL https:
//arxiv.org/abs/1809.08646.

[43] Christopher Allan Stone. Singleton kinds and singleton types, 2000. AAI3002766.

[44] W. W. Tait. Intensional interpretations of functionals of finite type i. 32(2):198-212, 1967. ISSN 00224812.
URL http://www. jstor.org/stable/2271658,

[45] Taichi Uemura. Abstract and concrete type theories, 2021. URL https://www.illc.uva.nl/cms/
Research/Publications/Dissertations/DS-2021-09.text.pdf.

20


https://doi.org/10.1145/3498670
https://entics.episciences.org/14732
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2016.24
https://homepages.inf.ed.ac.uk/gdp/publications/logical_relations_1973.pdf
https://homepages.inf.ed.ac.uk/gdp/publications/logical_relations_1973.pdf
https://doi.org/10.1145/3371126
https://doi.org/10.1145/3371126
http://articles.math.cas.cz/10.21136/HS.2017.06
https://lmcs.episciences.org/6015/pdf
https://www.jonmsterling.com/hash-bafkrmialyvkzh6w6snnzr3k4h2b62bztsk4le57idughqik24bltinieki.pdf
https://www.jonmsterling.com/hash-bafkrmialyvkzh6w6snnzr3k4h2b62bztsk4le57idughqik24bltinieki.pdf
https://www.jonmsterling.com/hash-bafkrmialyvkzh6w6snnzr3k4h2b62bztsk4le57idughqik24bltinieki.pdf
https://ieeexplore.ieee.org/document/9470719/?arnumber=9470719
https://dl.acm.org/doi/10.1145/3474834
https://dl.acm.org/doi/10.1145/3474834
https://icfp21.sigplan.org/details/mlfamilyworkshop-2021-papers/5/A-metalanguage-for-multi-phase-modularity
https://icfp21.sigplan.org/details/mlfamilyworkshop-2021-papers/5/A-metalanguage-for-multi-phase-modularity
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.FSCD.2022.5
https://arxiv.org/abs/1809.08646
https://arxiv.org/abs/1809.08646
http://www.jstor.org/stable/2271658
https://www.illc.uva.nl/cms/Research/Publications/Dissertations/DS-2021-09.text.pdf
https://www.illc.uva.nl/cms/Research/Publications/Dissertations/DS-2021-09.text.pdf

[46] Matthijs Vakar. A framework for dependent types and effects. abs/1512.08009, 2015. URL http://arxiv,
org/abs/1512.08009.

[47] Matthijs Vakar. In Search of Effectful Dependent Types, 2017. URL https://www.cs.ox.ac.uk/people/
aleks.kissinger/theses/vakar-thesis.pdf.

[48] Zhixuan Yang. Structure and Language of Higher-Order Algebraic Effects, 2024. URL https://
yangzhixuan.github.io/pdf/yang-thesis.pdf.

[49] Zhixuan Yang. Revisiting the logical framework for locally cartesian closed categories, 2025. URL https:
//yangzhixuan.github.io/pdf/lcclf.pdfl

21


http://arxiv.org/abs/1512.08009
http://arxiv.org/abs/1512.08009
https://www.cs.ox.ac.uk/people/aleks.kissinger/theses/vakar-thesis.pdf
https://www.cs.ox.ac.uk/people/aleks.kissinger/theses/vakar-thesis.pdf
https://yangzhixuan.github.io/pdf/yang-thesis.pdf
https://yangzhixuan.github.io/pdf/yang-thesis.pdf
https://yangzhixuan.github.io/pdf/lcclf.pdf
https://yangzhixuan.github.io/pdf/lcclf.pdf

	Introduction
	Toolbox for synthetic phase distinctions
	Propositions
	Extension types
	Open modality
	Closed modality
	Strict glue types

	Synthetic Tait computability
	Call-by-push-value

	A refresher on cost-aware logical framework
	Category of judgments

	Computability structure of calf
	Computability structure of judgments
	Value types
	Computation types

	Computability structure of types and terms
	 and  adjunction
	Terms for step
	bind and ret
	 and 
	Modalities
	Equality types
	Natural numbers

	Fundamental theorem

	Interpreting the computability structure
	Interpreting phases and modalities
	Phases
	Modalities
	Strict glue types

	Interpreting other type structures
	Fundamental theorem
	Read off the canonicity theorem

	Conclusion and future work
	Related work
	Cost-aware logical framework
	Traditional logical relations

	Future work
	Universes in calf
	Other effects in calf



