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Intrinsically-typed presentations of type theory often use equality in the meta-language to represent object-
language judgmental equality. In such equational syntax, proof-relevant logical relations define computability
predicates on judgmental equivalence classes of types and terms. This approach, however, does not directly
account for reduction, which is directed and plays a central role in many logical-relations arguments. This
paper develops a directed version of proof-relevant logical relations in simplicial homotopy type theory,
where reductions are internalized as inequality types. We construct object syntax as a directed quotient
inductive type. The central observation is that contravariant families in simplicial type theory provide exactly
the proof-relevant form of closure under expansion for logical relations: computability evidence can be
transported backward along reductions, with the required functoriality and universal property built in. Using
this observation, we construct a unary logical relations model with contravariant computability predicates
and prove directed Boolean canonicity: every closed Boolean term reduces to either true or false. We then
extend the construction to dependent types and universes, where a comonadic flat modality provides the
discreteness needed for type conversion and universe predicates. Finally, we adapt the method to binary
logical relations, separating vertical reduction from horizontal parametricity and obtaining a proof-relevant
account of representation independence.

CCS Concepts: « Theory of computation — Type theory; Constructive mathematics; Categorical
semantics.

1 INTRODUCTION

Logical relations begin with a simple idea: interpret each type by a family of computable terms,
and interpret each type former by its action on such families. This is the pattern behind Tait’s
computability method [Tait 1967]. A product is computable when its projections are computable; a
function is computable when it takes computable arguments to computable results. The fundamental
theorem then states that every well-typed term is computable at its type. This method has become
one of the standard tools of programming-language semantics, used to prove properties such as
normalization, contextual equivalence, representation independence, and noninterference. The same
idea also shapes foundational accounts of type theory itself. In the NuPRL tradition, a computational
semantics of types—closely related to PER/logical-relations models—forms part of the basis on
which the type system is justified [Allen 1987; Constable et al. 1986]. Related methods are also
central to the separation-logic framework Iris [Jung et al. 2018; Timany et al. 2024].

In programming-language semantics, logical relations are often formulated relative to a reduction
relation — and its reflexive-transitive closure —*. In that setting, computation has a direction: a
term steps to, or reduces to, another term. A logical relation is then a family of predicates defined
by induction on types; for each type A, the predicate A® is the logical interpretation of A:

(=)= : (A:Ty) >TmA — Prop

Bool®* (M) = (M —" true) V (M —* false)
(AxB)* (P) = A*(fstP)AB*(sndP)
(A—>B)*(F) = (M:A)— A* (M) — B® (app F M).
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The Boolean predicate says that a closed Boolean is computable when it reduces to one of the
canonical Booleans. The inductive argument commonly requires a closure under expansion lemma:

if M - M’, then A* (M’) = A® (M).

For Booleans, the proof composes the step M — M’ with the reduction from M’ to the chosen
canonical Boolean. This lemma is needed to move computability backward along computation,
keeping the fundamental theorem compatible with the transition.

A complementary route comes from category theory. Categorical gluing [Fiore 2002; Mitchell
and Scedrov 1992] gives a proof-relevant account of logical relations in which the computability
predicate is not merely a proposition, but a family of types whose inhabitants are computability
witnesses carrying non-trivial structure. This form of logical relations is widely used in modern
type theory semantics to prove canonicity, normalization, and parametricity for a range of type
theories [Altenkirch and Kaposi 2017; Bocquet et al. 2023; Coquand 2018; Kaposi et al. 2019a].

In this approach, the syntactic component usually consists of judgmental equivalence classes
of types and terms, rather than raw terms equipped with a transition system. For example, the
product fragment contains constructors and equations of the following shape:

pair : TmA— TmB — Tm (A X B) Xp, : fst(pairMN)=M
fst : Tm(AXB) > TmA Xp, : snd(pairMN)=N
snd : Tm(AxXB)—>TmB Xy : pair (fst P) (snd P) = P.
The logical relation assigns a proof-relevant predicate to each type. For example, the product
predicate is defined by
=)= : A:TyY)y->TmA->U
(AxB)* (P) = A*®(fstP)xB*(sndP).
A term is computable when it inhabits the predicate at its type. For example, the computability
evidence for a pair has the following type:

(-)* : (M:TmA) —> A°M
(pair M N)* : (A XB)® (pair M N)
= A® (fst (pair M N)) X B® (snd (pair M N)).
Given M : Tm A and N : Tm B, the induction hypotheses provide M* : A* M and N* : B* N
as computability evidence for the components. The product f-equations identify fst and snd of
pair M N with M and N. Thus the computability evidence for a pair is the pair of computability
witnesses, modulo the two f-equations:
(pair M N)*® == (M*, N*).
The projection evidence is obtained by extracting the relevant component:
(fst P)® := m(P®) (snd P)* := my(P®).

In particular, computability evidence respects equations. For example, in the case of X, the
computability evidence for fst (pair M N) is equal to the computability evidence for M:

(fst (pair M N))* = m;((pair M N)*) = n;(M*,N®) = M°.

Proofrelevance matters here for two reasons. First, the computability of a universe should contain
the computability predicate for each type in that universe. That extra structure is unavailable when
computability predicates are proof-irrelevant. Second, the treatment of equations, such as the S-law
above, requires a comparison of computability evidence. Gluing packages these obligations into
one algebraic construction and the fundamental theorem becomes the construction of a model.
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The two perspectives above emphasize different aspects of logical relations. Operational logical
relations treat computation as directed structure: terms reduce, and computability must be closed
backward along those reductions. Gluing, on the other hand, treats computability evidence as part
of the semantics: equations must compare terms and the evidence. This paper asks whether these
two aspects can coexist. The guiding question of this paper is therefore:

Can proof-relevant gluing for logical relations account for directed reductions?

1.1 From Equalities to Inequalities

The equational approach represents object-language judgmental equalities by meta-level equalities,
in effect presenting the syntax as a quotient by those equations. This is convenient because equality
in the meta-language already has the structural behavior expected of judgmental equality: reflexivity,
transitivity, symmetry, and congruence. Compatibility with type and term formers is therefore
inherited from meta-level congruence. For products, this looks as follows:

Tra=d:A I'rb=b":B cong, pair:a=da - b=V —
T+ pairab=paira’ b :AXB pair a b = paira’ b’

Thus the left-hand compatibility rule is recovered from the right-hand meta-level congruence term.

The exact use of these equations depends on the chosen meta-language. In extensional type
theory, equality reflection turns equality proofs into judgmental equalities. In intensional type
theory and homotopy type theory, identity types or path types instead provide propositional
equations, and constructions must transport along those equations.

Reduction does not fit in this equational story directly. Unlike judgmental equality, reduction is
fundamentally directed. If representing judgmental equality calls for equality types in the meta-
language, then representing reduction internally calls for an asymmetric analogue of equality.
Directed type theories [Licata and Harper 2011] typically provide such structure in the form of
homomorphism or inequality types. Among variants of directed type theories, this paper works in
the simplicial homotopy type theory of Riehl and Shulman [2017], where inequality types x <4 y
serve as the directed counterpart of equality types. Their technical details are recalled later. For
now, the important point is that inequalities are reflexive and monotone, like equalities, but lack
symmetry.

In the equational case, the syntax is constructed intrinsically via quotient inductive-inductive
presentation of type theory [Altenkirch et al. 2018; Altenkirch and Kaposi 2016; Kaposi et al. 2019b].
The present paper generalizes this idea by adding directed constructors to those quotients as well. A
directed constructor generates an inequality rather than an equality. Thus, instead of representing
product computation by quotienting with equations such as fst (pair M N) = M, an inequality type
can internalize the reduction as:

Xp, : fst(pairMN) <M Xp, + snd (pair M N) < N.
With this syntax in place, the goal is a canonicity result by logical relations. For a closed Boolean
term M, the desired theorem says that M reduces to a canonical Boolean:

M < true or M < false.

1.2 Contravariance as Proof-Relevant Expansion

Returning to the discussion of expansion, a computability predicate A® should be able to transport

evidence backward along reductions: each f : M < M’ should induce amap f* : A* (M) — A® (M).
For a proof-irrelevant logical relation, such a map is sufficient. Proof relevance imposes a stronger

requirement. As Section 3 will show, a bare map does not specify how transported evidence



4 Runming Li, Harrison Grodin, and Robert Harper

behaves with respect to identities, composition, and the surrounding type structure. This is the
familiar passage from proof-irrelevant to proof-relevant foundations: operations must come with
coherence laws. In homotopy type theory, for example, path composition is not merely the map
—e—:(x=y) > (y=2) - (x = z), but part of a coherent groupoid structure satisfying laws
such as refl @ f = f and f e refl = f. The same phenomenon appears for logical relations: the
expansion lemma is not merely a function (M < M’) — A®* (M’) — A® (M); the map must be
universal in the appropriate sense.

The key observation of this work is that simplicial type theory already provides this coherent form
of expansion. Its notion of a contravariant family was developed to study synthetic fibrations, but it
has exactly the structure needed for proof-relevant logical relations. At a high level, a contravariant
family is a universal family equipped with backward transport along inequalities. In short:

Contravariance is proof-relevant closure under expansion.

The rest of the paper develops this observation into a directed version of proof-relevant logical
relations. Each type is equipped with a contravariant computability predicate, and the resulting
fundamental theorem transports computability evidence backwards along reductions.

1.3 Simplicial Homotopy Type Theory

The present work takes place in simplicial homotopy type theory [Riehl and Shulman 2017], a
directed extension of homotopy type theory (HoTT) [Univalent Foundations Program 2013]. In
HoTT, path type is proof-relevant equality: between two points, there may be many distinct paths.

1.3.1  Homotopy Levels. This higher path structure organizes types by homotopy level. A type is
contractible when it has a distinguished point, called its center, to which every other point is equal;
a type is a proposition when any two of its points are equal; and a type is a set when its path types
are propositions, i.e. when any two paths between the same two points are equal:

isContrA = Z(x:A) —a=ax isPropA = (xy:A) —>x=ay
a:A isSet A = (xy:A) — isProp(x =4 y).

1.3.2  Equivalences. Equivalences between types can be expressed through contractible fibers. For
amap f : A — B, the fiber over b : B records the preimages of b under f:

fibr(b) = Zf(a) =g b, isEquiv(f) = (b: B) — isContr(fibs(b)).
a:A

Thus a map is an equivalence when every element of the codomain has a unique preimage, up to
paths. This definition packages both inverse data and the coherence laws relating that inverse to
the original map. The notation A ~ B means that such an equivalence f : A — B exists.

1.3.3  Higher Inductive Types. Homotopy type theory also provides higher inductive types (HITs).
Unlike ordinary inductive types, a HIT may include both point constructors and path constructors.
Two standard examples are the circle and set truncation:

Inductive S! : U where Inductive ||Al|o : U where
base : S! |—| A= ||Allg
loop : base =g1 base set) 4, : isSet |[A]lo.

The circle displays the path-constructor feature: in addition to the point base, the type contains a
generated self-path loop at base. This path is part of the structure of the type, not merely refl,s..
Set truncation uses higher constructors differently. The point constructor embeds each element of A
into ||Allo, while set 4, forces all path types of ||A||o to be propositions. Thus [|Al|o retains the point-
level information of A but forgets higher path information, leaving ||A]|o as a set. These path and



Directed proof-relevant logical relations in simplicial HoT T 5

truncation constructors make HITs a natural way to present syntax modulo equations [Altenkirch
and Kaposi 2016]: path constructors impose the quotient equations, and set truncation ensures that
the quotient is a set rather than a higher type with additional path structure.

1.3.4 Simplicial HoTT. Simplicial homotopy type theory extends HoTT with a directed interval.
Maps out of this interval behave as directed paths; the corresponding directed relation is written
here as an inequality type x <4 y. These inequalities are asymmetric, because the directed interval
has no reversal operation, but every function is guaranteed to be monotone, the directed analogue
of congruent. They therefore provide the asymmetric analogue of path types needed to present
judgmental reduction internally. The necessary definitions and theorems from simplicial type theory
are recalled as needed throughout the paper; for a complete treatment, see Riehl and Shulman
[2017]. The extension developed by Gratzer et al. [2026a] adds modalities from Gratzer [2023] to
simplicial type theory. In particular, it includes the flat modality b from crisp type theory [Licata
et al. 2018; Shulman 2018], used in Section 4.

1.4 Contributions and Synopsis
The paper develops directed proof-relevant logical relations through the following contributions.

(1) Directed quotient syntax. Section 2 presents the syntax as a directed quotient inductive-
inductive type, where reductions are modeled by directed inequalities.

(2) Contravariance as proof-relevant expansion. Section 3 identifies contravariance as the
proof-relevant form of closure under expansion, requiring each computability predicate to
carry a coherent contravariant structure.

(3) Directed canonicity by gluing. The unary logical relation of Section 3 proves directed Boolean
canonicity: every closed Boolean term M satisfies either M < true or M < false.

(4) Mechanization. As a proof of concept, Sections 2 and 3 are mechanized in Cubical Agda,
including the directed syntax, the contravariance condition and its properties, and the logical
relation model with products, functions, and Booleans. We mark definitions, lemmas, and
constructions covered by the mechanization with €/ throughout the paper.

(5) Universes and dependency. Section 4 extends directed logical relations to universes and
dependent types. The universe predicate requires the flat modality b to establish contravariance.

(6) Binary parametricity. Section 5 adapts the construction to binary logical relations and
parametricity, separating vertical reductions from horizontal parametricity witnesses and
illustrating the result with a queue example.

2 MODELING REDUCTION IN SYNTAX

Typically the syntax of a type theory can be described as a signature in some logical framework.
The judgmental structure and the type and term formers are constants in the signature, while
judgmental equalities are represented using the equality notion supplied by the meta-language.
One such presentation is the structure of a category with families (CwF) [Dybjer 1996].

The CwF part of the signature supplies the ambient judgments: contexts, substitutions, types in
a context, and terms of a type in a context.

Ctx : U Ty : Cix->U
Sub : Ctx > Ctx > U Tm : T:Ctx) > Ty - U

Here Ctx is the type of contexts, Sub A T is the type of substitutions from context I' to context
A, Ty T is the type of types in context T, and Tm I' A is the type of terms of type A in context I'.
Product types, for example, are then added as an extension of this CwF signature. The left half
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below lists the type and term formers; the right half lists the judgmental equations.

—x— : Ty > Ty > TyT X g, fst (pairab) =a
pair : TmTA—TmTIB— TmT (AXB) Xp, : snd(pairab)=>b
fst : TmT (AXB)—>TmTl A X, : pair (fsta) (snd a) = a

snd : TmT'(AxB) —>TmTIB

This is the equational presentation of the product fragment: the computational laws on the
right are represented by equalities in the meta-language. The aim onward is to model judgmental
reduction. Reduction is directed, so the equality constants above must be replaced by directed
constants, represented internally by inequality types. The next step is therefore to recall the basic
structure of simplicial type theory, which provides those inequalities.

2.0.1 Basic Structure of Simplicial Type Theory. Simplicial type theory extends HoTT [Univalent
Foundations Program 2013] with one primitive object: a directed interval 2 with two endpoints i0
and i1. Its direction is part of the structure: 2 is a bounded order with i0 < i1. A map out of 2 is a
directed path in the target type.

Definition 2.1 (Inequality types {/f). For x,y : A, we write
X <4y =Zrasa(fi0=x)x(fil=y)

for the inequality type of directed morphisms from x to y in A'. For every x : A, there is a reflexivity
term id, : x <4 x given by the constant path at x.

Based on this definition, inequalities propagate to type structures naturally; for example, inequal-
ity at dependent function types is an analog of the usual function extensionality.

LEMMA 2.2 (DIRECTED FUNCTION EXTENSIONALITY - RIEHL AND SHULMAN 2017, PROPOSITION 6.3
7). For f g: (x: A) — B(x), the canonical map

(f=9 — (x:4) = (fx<px gx)

a > Mxiaix

is an equivalence. The proof is identical to the proof of functional extensionality in cubical type
theories [Angiuli et al. 2021; Cohen et al. 2018], although the interval here is different.

2.1 Judgmental Reduction as Directed Structure {#

Unlike identity types, inequality types are not symmetric. They nevertheless have the structural
behavior needed to play the role of judgmental congruence. In particular, every function f : A — B
is automatically monotone: it acts on inequalities functorially®.

monos : (x <ay) — (fx <p fy)
monos h = Ai. f (h i)

Thus, to model judgmental reduction, we replace the equalities in the ordinary signature by
inequalities. For product types, this turns the usual § rules into directed constructors. The left

IRiehl and Shulman [2017] defines inequality types using extension types, so that the endpoint conditions such as f i0 = x
are treated judgmentally. For this paper, it is enough to use the resulting inequality types and their expected structural
principles, so we do not develop the machinery of extension types.

2We write x <4 y rather than homy (x, y), which is common in accounts of simplicial type theory aimed at synthetic
category theory [Gratzer et al. 2025b, 2026a,b; Riehl and Shulman 2017]. Here the notation emphasizes the role of these
types as asymmetric replacements for equality in dependent type theories.

3Notationally we sometimes write mono ¢ simply as f for the functorial action.
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column below writes these rules in the usual operational notation, while the right column gives
their internal presentation as elements of inequality types:

fst (pairab) —pa Xp, : fst (pairab) < a
snd (pairab) —g b Xp, :snd (pairab) <b

Congruence for reductions is then inherited from monotonicity. For instance, the congruence rule
for fst is represented internally by applying mono to the projection function:

’
_P7eP monos; : p < p’ — fst p < fst p’
fstp —p fstp’

Apart from the computational rules represented as inequalities, the syntax retains the usual CwF
structure; see, for example, Kaposi et al. [2019a]. In particular, the equations of the substitution
calculus, together with the naturality equations for type and term formers, are still represented
by equality in the meta-theory, not by inequalities. The ordinary CwF substitution structure,
together with simple product types can be found below. We omit the standard CwF substitution
equations such as A[7 o o] = A[r][o] for brevity. The boxed inequalities highlight the directed
product reductions; the remaining laws are equalities. In the language of HoTT, these equations
are generally paths rather than definitional equalities; strictly speaking, applying them requires
transport along those paths. These transports are left implicit throughout the paper to avoid clutter.

CwF operations and context extension Product types and reductions
Ctx U —X— Ty 5Tyl » Ty T
Ty Ctx - U pair :TmTA—>TmTB— TmT (A X B)
Sub Ctx > Ctx > U fst :TmT(AXB)—>TmTA
Tm :(T:Ctx) > Tyl - U snd :TmT (AXB) > TmTI B
id :SubTT x| :(AxB)[c] =A[c] x B[o]
—o— :Sub®A —SubT'® — SubT A pair|| : (pair a b)[a] = pair (a[c]) (b[a])
j Ctxb . fst) : (fst p)[o] = fst (p[a])
er :Sub T snd() : (snd p)[o] = snd (p[c])
—>— :(I':Ctx) > Ty ' - Cix -
b :Sub (T> A) T Xp,  :|fst (palr.ab) Sa‘
q :Tm (T» A) (Alp]) Xg, :|snd (pairab) < b‘

-[-] :TyA—>SubTA—>TyT
—[-] :TmAA—>(c:SubT A) > TmT (Alo])
(=,=):(c:SubT A) > TmT (A[o]) — SubT (A» A)

2.2 Initial Directed CwF via Directed Quotient Inductive-Inductive Types {4/

Elements of the CwF signature are models of the type theory. In particular, the initial model gives
the inductively generated syntax. To construct this syntax, the ordinary QIIT presentation of type
theory [Altenkirch et al. 2018; Altenkirch and Kaposi 2016] is generalized to the directed setting. In
HoTT, higher inductive types (HITs) generate not only points, but also paths between those points.
A set-truncated HIT is a quotient inductive type (QIT). This is the mechanism used in the QIIT
presentation of type theory to internalize judgmental equalities as paths in the syntax [Altenkirch
and Kaposi 2016], where terms are quotiented by judgmental equalities. To internalize judgmental
reductions, the inductive definition must also allow directed constructors. We call the resulting
notion a directed quotient inductive-inductive type (directed QIIT).
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A schematic directed-QIIT fragment for the product syntax is the following four mutually defined
higher inductive types.

Inductive Ctx : U where Inductive Tm : (T : Ctx) —» Ty T — U where
: Ctx —[=]:TmAA— (6:SubT A) —
—>— :(T':Ctx) > Ty T — Ctx TmT (Alo])
Inductive Sub : Ctx — Ctx — U where

id .SubTT pair :TmTA—>TmITB— TmT (AXB)
: fst  :TmT (AxB) >TmTl A

—o— :Sub®A - SubI'® —
SubT A snd :TmT (AxB) > TmT B
) pair;) : (pair a b)[a] = pair (a[a]) (b[a])
Inductive Ty : Ctx — U where fst;; : (fst p)[o] = fst (p[o])
-[=]:TyA—>SubTA—>TyTl sndj) : (snd p)[o] =snd (p[o])

—X— Ty Ty - TyT

:|f irab) <
X[] : (AX B)[o] = A[o] x B[o] Xp, st (pairab) < a‘

Xg, :|snd (pairab) < b‘

2

Schematically, four aspects of this definition are worth noting.

2.2.1 Directed Higher Inductive Types {/7. The resulting inductive definition is a mixture of point
constructors, such as pair and fst, equality constructors, such as x|} and fst||, and inequality
constructors, such as X and X,. The first two kinds are standard in higher inductive types,
but directed constructors in the same inductive definition is worth justifying. Directed quotient
inductive types are not new to this work. In a directed type theory setting, Grodin et al. [2024,
Section 4.5.1] already introduce an instance of a directed HIT. The role of the present section is to
explain how to use the same directed infrastructure for the initial syntax of the object theory.

The key point is that a directed constructor is syntactic sugar for ordinary higher constructors
involving the directed interval. By Definition 2.1, a directed constructor ¢ : a <4 b expands into a
point constructor c| and two equality constructors cief; and ciigh: as follows:

Inductive A : U where ~ Inductive A : U where

c:a<sab Cel 20 A
Cleft  * Crel 10 =a
Cright * Crel i1=>b.

Thus no new primitive HIT mechanism is needed. The boxed reductions in the inductive syntax,
such as Xp,, should be read in this way.

2.2.2  Thin Truncation /. In order for this higher inductive type to be a quotient inductive type, it
needs to be set truncated [Univalent Foundations Program 2013, Section 6.10]. The most common
way to do this is to add a constructor setyy, : isSet(Tm I' A) in the inductive definition, which is a
higher constructor that identifies all parallel paths in the type Tm I' A. The directed syntax uses
the same idea for reductions. To keep reduction thin, we want to enforce each inequality type
proof-irrelevant:

isThin A = (xy:A) — isProp(x <4 y).

Hence any two reductions between the same syntactic objects are identified. This is the directed
analogue of set truncation used for ordinary judgmental equality, making the syntax a preorder
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rather than more generally a category, which is important to model a judgmental reduction relation,
in which there is at most one reduction between fixed endpoints.

One could instead keep reductions proof-relevant. That would lead to a richer syntax in which
different reduction derivations between the same endpoints can carry higher-dimensional informa-
tion, closer in spirit to bicategorical type theory [Ahrens et al. 2023]. The present paper does not
use that extra structure; reductions are treated only up to proof-irrelevance.

2.2.3 Segal Condition for Syntax <. In simplicial type theory, given f : x < yandg:y < z
where fi0 =x, fi1=gi0 =y, and g il = z, it is not automatic that there is a unique composite
h:x < zwith hi0 = x and h i1 = z. The types for which directed paths do compose are called Segal
types [Riehl and Shulman 2017, Section 5] or pre-categories [Gratzer et al. 2026a]. In the present
setting this is exactly the property the syntax should have: reductions should compose. For Segal
types, we write f - g for the composite of f and g.

Grodin et al. [2024, Section 4] make the same point in their construction of synthetic preorders:
relevant types are restricted to a reflective subuniverse of Segal types, obtained by an orthogonality
construction [Christensen et al. 2020; Fiore 1997; Rijke et al. 2020]. In the present setting, the induc-
tively defined syntax should be built inside this subuniverse. In the Cubical Agda mechanization,
the raw syntax is first constructed as a higher inductive type, as in Section 2.2.1, and then reflected
into the subuniverse of thin Segal sets. The resulting syntax, such as Tm T A, is set, thin, and Segal.
The orthogonality construction is described in Appendix A; for the rest of this paper, however, it is
sufficient to understand that reductions in the syntax compose.

2.24 Mapping Out of a Directed Quotient. To map out of a directed quotient type A into a family
P:A — U, themap f : (a : A) — P a must interpret each point constructor and, for each
directed constructor h : x <4 y, provide the corresponding coherence between f x and f y. Because
these endpoints lie in different fibers, the coherence is not an ordinary inequality in a single
type, but a dependent inequality over k. The usual non-dependent monotonicity condition is the
constant-family special case: when P is constantly B, the obligation becomes f x <p f y.

Definition 2.3 (Dependent inequality types /). For h: x <4 y,u : P x, and v : P y, the notation
U <ph) 0= Bg(iz)—P (h ) (q 10 =u) X (qi1=0)

denotes the type of dependent inequalities from u to v lying over h*. This is conceptually similar to
PathP in cubical type theories [Angiuli et al. 2021; Cohen et al. 2018].

Thus the dependent eliminator sends each directed constructor h : x <4 y to a dependent
inequality f, : f x <p) f y.

3 LOGICAL RELATIONS MODEL

In this section we construct a logical relations model of an object type theory with directed
reductions, and use it to prove canonicity. In an ordinary gluing style proof, such as that of Kaposi
et al. [2019a], the goal is to prove a statement along the following lines: for every closed term
M : Tm * Bool, either M = true or M = false, where equality is judgmental equality in the object
theory. Here our goal is instead to prove that M reduces to either true or false: in the language of
simplicial type theory, that M < true or M < false.

The high-level strategy of proof-relevant logical relations is to equip each type with two pieces of
data: a syntactic component A°, which is the underlying syntactic type, and a semantic component

“Here h : x <4 y is implicitly coerced to a map h : 2 — A; the transports induced by A in the definition of u < P(h) ©are
also left implicit.
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A®, which records evidence that terms of A° are well-behaved, or computable’. In particular, the
semantics at Boolean BOOL® will imply the desired canonicity property. We will start with simple
types to illustrate this construction as adapted to the directed setting.

3.1 Semantics of the Judgmental Structure &4

We build a unary gluing model over global sections of the syntactic CwF. Since canonicity is a
statement about closed terms, the semantic predicate I'* for a syntactic context I'° is indexed by
closed substitutions y° : Sub * I'°, namely global sections of I'°. A substitution ¢° : Sub I'° A° is
computable when, composed with computable global sections of I'°, it gives computable global
sections of A°.

record CTX : U where record SUB (T' A : CTX) : U where
I'°: Ctx 0° : SubT° A°
I*:Sub-"T°->U o®:(y°:Sub T°) - T*y° > A® (6° 0 y°)

For types and terms, we first recall the ordinary gluing definition, ignoring for the moment
that the syntax has directed reductions. A glued type has an underlying syntactic type A° : Ty I'°,
together with a computability predicate on closed terms of each closed instance of A°. A glued term
is then a syntactic term M° together with a computability witness M*® that each closed instance of
M?° is computable at A°.

record TY (T : CTX) : U where record TM (T : CTX) (A: TYT) : U where
A°:TyTI® M°:TmT° A°
A (y°:Sub T°) - T*y° — M®:y°y® = A%y vy (M°[y°])
Tm - (A°[y°]) > U
This is exactly the definition one would use for an ordinary proof-relevant gluing argument.
The directed structure has not yet been used. To see what extra structure is needed, let us try
to interpret the product type. The proof for products will identify the missing ingredient: the

computability predicate of a type must be stable under directed expansion. After that, we will
return to the definition of TY and strengthen it accordingly.

3.2 Semantics of Product
As in a typical logical-relations definition, a product is computable when both of its projections are
computable at their respective types.
PROD:TYT - TYT -> TYT
(PROD A B)° := A° x B°
(PRODAB)* y° y* P:=A® y° y* (fst P) X B* y° y* (snd P)
The projections are unchanged from the equational story: the syntactic components are the syntactic
projections, and the semantic components are the metatheoretic projections.
FST:TMT (PRODAB) > TMTA  SND:TMT (PROD AB) > TMT B
(FST P)° = fst P° (SND P)° :=snd P°
(FSTP)®* y° y* == m (P* y° v*) (SND P)* y° y* := m(P* y° v°).
Now suppose M : TM T A and N : TM T B. The syntactic component of the pair is forced:
The notation o and e is inspired by Sterling and Harper [2021], where the authors use a pair of modalities O and @ to

isolate the syntax and the semantics in a gluing proof. Here we do not make this distinction explicit using modalities, but
our story should be compatible with theirs.
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PAIR: TMTA— TMT B — TMT (PROD A B)
(PAIR M N)° := pair M° N°.
For the semantic component, after fixing y° : Sub - I'° and y*® : I'* y°, the goal is to produce an
element of (PROD A B)*® y° y* ((pair M° N°)[y°]), which is a metatheoretic product. The obvious
definition would have the following shape:
(PAIRM N)* y° 1° ::( ? , ? )
—— ~——
as e ye (fst ((pair M2 N*) D)) B* y* y* (snd ((pair M N*)[y°]))
But the available witnesses are
Mooyt s ATy yt (MP[y?])  and  NTy®yt BTyt (N[Y°)).
In an equational proof-relevant logical relation, the two indices are identified by f-equalities for
products. In the directed syntax, however, these are not equalities but merely reductions:

Xp, Ly°] + fst ((pair M® N°) [y°]) < M°[y?],

Xp,[y*] = snd ((pair M® N°)[y°]) < N°[y°].
Logical relations practitioners are not unfamiliar with this situation. A logical relation is often
defined by induction on syntax, after which one proves closure under expansion, or reverse

reduction: if M — ) M’ and M’ is computable, then M is computable. In the directed setting, this

suggests equipping each semantic type with an operation that transports computability witnesses
backward along reductions:

expansion : M < M — A*y° y* M — A® y° y* M.
This operation solves the immediate typing problem above: it can turn M® y° y*® into a witness at
the reduct fst ((pair M® N°)[y°]). For proof-relevant predicates, however, the witness produced
by expansion is itself meaningful data. It is therefore not enough to know that some witness can be
transported backward along a reduction; we must know how the transported witness behave. At
minimum, expansion should be functorial: expansion along the identity reduction should act as the

identity on computability witnesses, and expansion along a composite reduction should agree with
the composite of the corresponding expansion maps.

3.2.1 Contravariance as Proof-Relevant Expansion. Contravariant family in simplicial type theory
serves as the right coherence condition for the expansion lemma. While the notion of contravari-
ant families in simplicial type theory usually is used as a synthetic analogue of contravariant
fibrations [Riehl and Shulman 2017] and in constructing directed univalence [Cavallo et al. 2026;
Gratzer et al. 2026a; Weaver and Licata 2020], we identify the contravariance as exactly the right
proof-relevant generalization of the expansion lemma in logical relations.

Definition 3.1 (Contravariant families - Riehl and Shulman 2017, Definition 8.2 {/). A family
C : X — U is contravariant if for every f : x <x y and v : C(y), the type X ,.c(x) 4 <c(y) v is
contractible. In other words:

isContravC = (xy:X)(f:x<xy) (v:C(y)) — isContr(Zu:C(x) u <c(f) v).
Every contravariant family C comes equipped with a backward transport operation.

Definition 3.2 (Contravariant transport {/). Suppose cx : isContrav(C : X — U).For f : x <x v,
the contravariant transport along f is:

f7:Cy) — Cx)
f* v = m(center(cx x y f v)).
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In particular, this contravariant transport is functorial and satisfies a universal property.

LEMMA 3.3 (FUNCTORIALITY OF CONTRAVARIANT TRANSPORT - RIEHL AND SHULMAN 2017, PROPO-
SITION 8.16 ). Contravariant transport preserves identities and composition: for f : x <x v,
g:y <x z andw:C(z),

(id)o=0  and  (gof)'w=f"(g"w).

LEMMA 3.4 (UNIVERSAL PROPERTY OF CONTRAVARIANT TRANSPORT - RIEHL AND SHULMAN 2017,
LemMa 8.15 {Y). For a contravariant family C : X — U with f : x <x y, u : C(x), and v : C(y),
there is an equivalence

(u <c(ryv) = (u=f"o).

The move is to impose this condition on every computability predicate A® carried by a glued type:
isContrav (A® y° y*). The induced contravariant transport operation is the expansion operation
needed above. Thus a glued type stores not only its computability predicate, but also the proof that
this predicate is contravariant for each closed substitution and context witness:

record TY (T : CTX) : U where record TM (' : CTX)(A: TYT) : U where
A°:TyTI® M°: TmTI° A°
A* Yyt > Tm - (A°[y°]) > U M®:y®yt = A%yt (MP[y?])

‘cA :y° y® — isContrav (A® y° y°)

With the refined definitions of TY and TM in place, inequalities between glued terms can be
described explicitly. An inequality M < N between glued terms is an inequality in a 2-type: it
relates both the underlying syntactic terms and the semantic witnesses. The following fact says
that such inequalities split into an inequality in the base and a dependent inequality over it.

LEMMA 3.5 (INEQUALITIES AT 3-TYPES ). GivenB: A — U, x,y: A,u:Bx, andv : By, there
is an equivalence
( Z u <p(n) 0) =~ (x,u) <y, Ba (U,0).
h:x<ay

Applying Lemma 3.5 to TM, an inequality M < N consists of an underlying syntactic reduction
p° : M° < N°, together with, for each closed substitution y° and computability witness y°, a
dependent inequality between the two computability witnesses over the closed reduction p°[y°]:

M Y" Y <asyeye (ool NTYO Y
By Lemma 3.4, this dependent inequality is equivalently an equality with the contravariant transport:
My yt = (" [y DT (N y* y).
Thus the order on computability witnesses is forced by the contravariance condition on the glued

type: whenever the syntax expands M° to N°, the witness for M is obtained by transporting the
witness for N backward along that reduction.

3.2.2  Glued Semantics for Product and Pair {/f. The product definition can now be revisited, this
time filling in the contravariance component. Suppose f : P < P’ is a reduction between closed
product terms, and suppose (&', ¥") is a computability witness for P’, so that

A%y y® (fst P') and ¥ :B*y°y® (snd P).
Projecting f through the two eliminators gives reductions
fst f: fst P < fst P’ snd f :snd P < snd P’.

The contravariant transports for A and B then give the required witness for P:
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crron a5y Y (f:P < P) (&, %) = ((fst £)* @, (snd f)* \1/)

This displayed term is the distinguished point of the lift type required by contravariance. The full
contractibility proof follows by splitting the dependent inequality into its two components:

Z (®,¥) <(prOD 4 B)* y° y* £ (¥, ¥)
(2,%)

= (Z@ Sas eyt (st f) q)') X (Z‘I’ <B* y° y* (snd f) ‘1’)
(] v

The two factors are contractible by c4 and cp, respectively, and hence so is their product.
Finally, the semantic component of the pair can be defined:

(PAIRM N)* y° v = (G [ D7 (M v v, [ "D (N° v° 7)),

The transports are necessary because the product predicate is indexed by the projections of the
syntactic pair, while M* and N* live over the two components themselves. The f-reductions
bridge precisely this gap. It remains to check that this interpretation respects the directed quotient
constructors for product. This is the semantic content of mapping out of a directed quotient: the
images of the point constructors pair, fst, and snd must respect inequalities X, and X, .

3.2.3  Glued Terms Respect Directed Quotient /. First consider inequality x4, in the syntax. As
explained in Section 2.2.4, the mapping out must respect this inequality. This is menifested as the
following proof obligation:

FST (PAIRM N) <tmt 4 M.

Because TM is a 2-type, by Lemma 3.5, this inequality consists of two parts: a syntactic reduction
and a dependent inequality over it. The syntactic part is exactly the product f;-reduction:

(FST (PAIR M N))° = fst (pair M° N°) < M°.
For the semantic part, fix y° : Sub * I'° and y*® : I'* y°. The proof obligation is
(FST (PAIRM N))* ¥° v* <a yo ye (1)) MO YO Y.
The left-hand side computes as follows:

(FST (PAIRM N))® y° y*

= m((PAIRM N)®y°y*) by definition of FST*
= m((xﬂl [y D" (M y° y®), (<, [y° D" (N® y® y')) by definition of PAIR®
= (Xp [y’ D" (M*y*y®) by projection.

Therefore the required semantic inequality is
(X/Sl [YO])*(M. Yo Y.) <a* Yo v (Xp Ly M* }/o Y.'
By Lemma 3.4, this is equivalent to the reflexive equality
Oy D My y) = O [y DT (M® y° y?).
This is where bare expansion in proof-irrelevant logical relations must be strengthened to uni-
versal contravariance. A bare map produces the transported witness, but validating the directed
reduction in the logical relation requires the dependent inequality above. The universal property of

contravariant transport turns that obligation into a reflexivity instance of equality. The x4, case is
symmetric, using the second projection and the contravariance of B®.
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3.2.4 What If We Have n-Reduction as Well? {/f. The constructions above use only the product
P-reductions; indeed for the canonicity result, any 5-reduction would be optional. If the syntax does
include an n-inequality, the present model validates the n-reduction: x,, : pair (fst P) (snd P) < P.
The reason is that projecting this n-reduction gives reductions with the same endpoints as the
corresponding fB-reductions, and the syntactic inequalities are thin per Section 2.2.2.

For P: TM T (PROD A B), the required glued reduction is

PAIR (FST P) (SND P) <tmr (prOD 4 B) P-

For the semantic part, again fix y° and y*. Unfolding the source gives

(PAIR (FST P) (SND P))* ° y* = (0 [y D" m (P* ¥ ¥, (< [y D" ma(P" 1 1) ).
Unfolding (PROD A B)®, the required dependent inequality over x,, [y°] splits into two components:
(g, [y D m(P® y° ¥®) Sae o ye (st (x,1y°1)) T (P Y ¥°),

(Xp, [y )" m2(P® y° y®) <p* yo y* (snd (x,[y°])) T2(P°Y°¥*).

By the universal property of contravariant transport, the first component is equivalent to

<p, YD) m (P y® y®) = (fst O [y D) m(P* y* yv°).

Both xg, [y°] and fst (x,[y°]) are reductions from fst (pair (fst P°) (snd P°))[y°] to fst P°[y°].
The inequalities of the syntax are propositions, so these reductions are equal, and hence their
contravariant transports agree. The second component is the same argument.

3.3 Semantics of Functions {4
The function type follows the same pattern as the product type. First recall the syntax:

—=—:Ty I > Ty > TyT lam : Tm (T > A) (B[p]) > TmT (A= B)
=4 :|app (lam N) M < N[(id.M)]]| app: TmT' (A= B) > TmT A — TmT B.

The logical relation for function types is standard: a computable function is one that sends com-
putable inputs to computable outputs.

—=—:TYI >TYT > TYT
(A= B)° =A°=B°
(A=B)*y°y" Fi= (M°:Tm* (A°[y°])) = (M*: A®y® y* M°) — B® y° y* (app F M°).

For the contravariance component, given f : F < F/ and @’ : (A = B)® y° y* F’, define

\cA:SB v y* (f:F<F)® = AM° M. (app f M°)*(®' M° M').‘

The reduction app f M° : app F M° < app F’ M° is the functorial action of application on a
reduction in the function position. The full contractibility proof is obtained from the contravariance
of B®, followed by function extensionality.

3.3.1 Substitution Structure £/f. The substitution and context-extension clauses used below are the
standard gluing clauses; the full list is collected in Appendix B. The only change from the ordinary
equational presentation occurs in clauses involving types. For example, type substitution must also
provide the contravariance proof for A[o], inherited directly from the one for A. These additional
components are straightforward.
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3.3.2 Glued Semantics for Lambda and Application {/. The full constructor clauses are listed in
Appendix B. Only the semantic components are needed here:

(LAMN)® y° y* M° M* = (=4[ (y*.M°)])*|[(N® (y°.M°) (y*, M*))
(APPEM)® y®y* = Fy*y" (M°[y°]) (M®y° y*).
The boxed transport is induced by the instantiated S-reduction
=4[ (y".M°)] : app ((lam N°)[y°]) M® < N°[(y*.M°)].

Thus the instantiated evidence N*® (y°,M°) (y*,M*®) : B* y° y* (N°[(y°,M°)]) is transported from
evidence over the f-contractum to evidence over the application of the lambda.

3.3.3  Glued Functions Respect Directed Quotient {/J. Consider = 4. For N : TM (T>A) (B|p]) and
M : TMT A, the required glued inequality is

APP (LAM N) M <7y r s N[(ID,M)].
For the semantic part of this inequality, fix y° and y*. The left-hand side computes to
(APP (LAM N) M)® y° y*
= (LAMN)®y°y* (M°[y°]) (M®y° y*) by definition of APP*®
(=pl ("M [y DD (N® (y*.M°[y°]) (y*,M* y° y*)) by definition of LAM?.

The witness inside the transport is exactly the semantic component of the substituted body:
(N[(ID.M)])* y® y* = N* (y°.M°[y°]) (y*, M* y° y*).
By Lemma 3.4, the semantic inequality over = 3[y°] is equivalent to the reflexive equality of this

transported witness with itself, following the same pattern as for products.

3.4 Semantics of Booleans (and Canonicity) {//

The Boolean type is the point of the canonicity argument. Its computability predicate says exactly
that a closed Boolean reduces to one of the two canonical Booleans. First recall the simple Boolean
syntax, including the non-dependent eliminator.

Bool : Ty T’ if (C:TyIN > TmI'C—>TmTIC —
true : Tm T Bool TmT Bool > TmT C
false : Tm T Bool Boolye :[if CUV true < U]

Boolayse : [if CU V false < V.

Write "07 := true and "17 := false. Then the glued Boolean type is:

BOOL:TYT

BOOL® := Bool

BOOL*® Yo Y. M= Z M <Tm * Bool b7l
b:{0,1}

The contravariance proof for BOOL® packages a familiar closure argument. In an ordinary logical-
relations proof, expansion closure for this predicate would be proved by hand: from f : M < M’
andr : M’ < 7b7, one composes reductions to obtain f - r : M < "b™. This proof is elementary, but
it is still an extra proof obligation. In the present setting, the same closure is available off the shelf
from simplicial type theory: representable families are contravariant.
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LEMMA 3.6 (REPRESENTABLE CONTRAVARIANT FAMILIES - RIEHL AND SHULMAN 2017, PROPOSITION
8.13 {%). For anya : X, the representable family

M x<xa: X—>U
is contravariant if X is Segal. Its contravariant transport sendsr : y <x a along f : x <x y to the
composite f*r = f -r:x <x a.

Indeed, for a fixed b : {0, 1}, the summand M +— M < "b7 is represented by "b7. The finite
sum over b is therefore contravariant by transporting inside the chosen summand. Explicitly, for
f:M < M and (b,r) : BOOL® y° y* M’, define

esooL ¥°y* (f: M < M) (br) = (b, f 1)

The lift witness (b, f - ) <gooL+(f) (b,7), and the contractibility of the corresponding lift type, are
supplied by Lemma 3.6. Thus the usual composition proof has not disappeared,; it has been isolated
as a general simplicial type-theoretic fact and reused here rather than reproved specifically for
Booleans. The constructors are immediate.

TRUE : TM T BOOL FALSE : TM T BOOL
TRUE® := true FALSE® := false
TRUE® y° y* == (0, idrye) FALSE® y° y* = (1, idfaise)-
The simple eliminator is handled by case analysis on the Boolean computability witness.
[F:(C:TYT) > TMITC—>TMTITC —>TMT BOOL - TMTC
(IFCUVT) =ifC°U°V°T".
For the semantic component, suppose T® y° y* = (b,r). If b = 0, set
pd: (if C°U° Ve T®)[y°] < (if C°U° V° true)[y°] < U°[y°],
Pl i= (if € U° V° 1) [y°] - Boolue y°l.

If b = 1, define p} in the same way, using Boolg,se and ending at V°[y°]. Then

(P | (U y*y®), Ty =(0.r),

(p)* | (Ve yy®), HTyy*=(Lr).
The two f-laws [FCU V TRUE < U and IF C U V FALSE < V follow from the universal property
of contravariant transport, exactly as in the product and function cases.

(IFCUVT) y°y* =

3.4.1 Canonicity via Fundamental Theorem of Logical Relations {/f. At this point there are two CwF
models: the initial syntactic model 7 in red and the gluing model G in blue. The gluing model G has
been constructed so that each object A° of I is sent to (A°, A®) in G, with the syntactic component
o in the gluing model exactly the corresponding component of the initial model. This is the key
point of the construction, and it is the fundamental theorem of logical relations as manifested in
the diagram below.

For a syntactic closed term M : Tm * Bool, the glued term (M) has syntactic projection M itself.
Its semantic projection, instantiated at the closed context, gives the witness displayed on the right.
The diagram on the left commutes by the initiality/induction principle of the syntactic model.

I ——¢ ((M))* : BOOL® e. () M

\l(_)o - Z M<Tp?
b:{0,1}
I
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This says that M reduces to either true or false, which is the canonicity result for Booleans.

4 UNIVERSES AND DEPENDENCY

For simple type theory, adapting proof-relevant logical relations from terms quotiented by judgmen-
tal equality to terms quotiented by directed inequalities requires only a modest strengthening of the
induction hypothesis: each computability predicate must be contravariant. Scaling this construc-
tion to dependent types and universes introduces a further constraint. Type conversion, universe
predicates, and dependency must all remain compatible with this contravariance requirement.

4.1 Roadblocks to Naive Dependent Attempts

Keeping the syntax from Section 2, where reductions are directed, together with the semantics
from Section 3, where each type is assigned a contravariant computability predicate, leads to two
related obstructions for a naive dependent extension.

4.1.1  How to Model Type Conversion? In ordinary dependent type theory, type conversion is a
symmetric rule:
M:A A=B
M:B

where A = B is judgmental equality of types, induced by judgmental equality of the corresponding
type codes. In an equational proof-relevant logical relation this rule is essentially invisible. Terms
and types are quotiented by judgmental equality, so judgmentally equal types are identified by a
path, and conversion becomes transport along that path in the metatheory:

transport,,p :A=B—>TmIA— TmT B.

This mechanism is not available in the directed setting. The syntax records type reductions as
directed inequalities rather than judgmental equalities. Quotienting first by judgmental equality
would identify terms that the directed quotient only relates by directed inequalities, thereby erasing
the directed structure. Thus the ordinary conversion rule has no premise of the required shape: a
reduction A <t, r B is not a judgmental equality A = B.

4.1.2  Failure of the Naive Universe Predicate. Proof-relevant logical relations allow a “negative” for-
mulation of the universe predicate: the computability content of a code may itself be a computability
predicate for the decoded type. This formulation is unavailable in proof-irrelevant settings where
computability predicates land in Prop, because Prop cannot retain the required predicate-level data.
In those settings the universe predicate is usually formulated “positively”, as an inductive lookup
table of type codes and their predicates, restricting the universe to types specified in advance [Allen
1987; Angiuli 2019; Harper 1992; Martin-Lof 1998]. The proof-relevant approach is more flexible.
Consider a Tarski/Coquand style universe, whose syntax is written as follows®:

U :TyT Il :TmTU—STyT

Up :|[El (Code A) < A Code : TyT' - TmT U.

The natural candidate for UNIV records, at each closed code, a computability predicate on the
decoded type together with its contravariance requirement, effectively internalizing TY:

UNIV® :=U

UNIV® y®y* (M : Tm = U) == ¥pr - (g1 My—as isContrav P.

SGirard’s paradox is avoided by considering a cumulative hierarchy of universes and a cumulative hierarchy of judgments.
This is achieved by adding levels to Ty and Tm and lifting levels for the universe: U : i — Ty;41 I
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This is the negative formulation: a code’s computability content is itself a glued type’s worth
of structure. The definition is attractive, but its contravariant transport immediately runs into
the same absence of type equality. Given a universe reduction f : M <1, - y M’ and a predicate
P’ :Tm - (EI M") — U, the decoded types El M and El M’ are related by a directed inequality, not
by a judgmental equality. Without equality between these decoded types, there is no canonical
transport between the corresponding fibers of Tm on which the predicates are defined.

There is also a second problem. Even if such a transported predicate P were definable, the lift
contractibility required by isContrav would still fail. A competing lift Q with Q(N) <q¢; P'(N)
would have to be equal to P. In general, however, inequality in the metatheoretic universe U is not
forced to collapse to equality, so two predicates below P’ (N) need not be equal.

In summary, the syntax calls for judgmental equality between types, while the semantics calls for
equality between computability predicates. The rest of this section reconciles these requirements
using discretization and the flat modality.

4.2 Discrete Types and Flat Modality

The main idea is to work with judgmentally equivalent types while retaining the directed reduction
structure of terms. The critical observation is that reductions are contained in judgmental equalities,
except for symmetry. Freely adding symmetry to directed structures in Ty effectively discretizes
Ty T, making judgmentally equivalent types available for conversion.

In simplicial type theory, a type is discrete when it has no non-trivial directed inequalities.

Definition 4.1 (Discrete types /). A type X is discrete if the canonical map x =x y — x <x y is
an equivalence:
isDiscrete X := isEquiv (_: x =x y = x <x ).

Example 4.2. Meta-language Booleans are discrete types. This is typically menifested as an axiom
in simplicial type theory, e.g. Gratzer et al. [2026a, Axiom 7] and Gratzer et al. [2026b, Axiom 4]. 4

To the directed QIIT generating Ty I' we add the constructor
diSCTy (A <Tyr B) —» (A =Ty T B).

Every reduction-induced inequality on types r : A <t, r B now yields a path discy, r : A=7,r B
and transport along this path defines the conversion equivalence

conv, : TImI'A = TmT B.

We write conv when r is clear from context. In particular, because we have set truncation and
thin truncation as in Section 2.2.2, immediately discy, is the inverse of canonical map x =1, r
y — x <, r y, rendering Ty T discrete according to Definition 4.1.” The term judgment Tm is not
discretized, and the canonicity statement depends on observing directed reductions of closed terms.
Boolean canonicity asks that a closed Boolean term reduces (directedly) to a canonical Boolean;
nothing in this statement is affected by collapsing the directed structure on Ty.

4.2.1 Contravariant Transport for Universe. Now with conv available, we can define the intended
contravariant transport for the semantics of universe. We first use the following elementary closure
property of contravariant families.

LEMMA 4.3 (CONTRAVARIANCE UNDER REINDEXING - RIEHL AND SHULMAN 2017, REMARK 8.3
). Letg: A — BandC : B — U.IfC is contravariant, then the reindexed family C o g is also
contravariant.

7 A more local way to discretize types is to ask for U 1 to be an equality instead of an inequality, as El is the only way to lift
terms to types. This approach will, however, introduce additional complexity in proving Ty T to be discrete.
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Let f: M <ty -y M" and let P’ : Tm * (El M’) — U be contravariant. Define
P =P oconv ) : Tm* (EIM) — U.

By Lemma 4.3, P is contravariant. It remains to exhibit the inequality P <t - (¢ r)—a P’ required
of the lift. Pointwise, this means that for N <t, - (g r) N’, there is an inequality P N <¢; P’ N’.
The dependent inequality over El f is exactly an ordinary inequality after conversion:

convgl ¢ N <t « (eI M) N'.

Monotonicity of P’ therefore gives P’(convg f N) <q; P’ N’, which is precisely P N <q; P’ N’
by definition of P. This proves existence of a lift. The remaining issue is uniqueness: the lift must
be contractible. For another Q : Tm * (El M) — U with isContrav Q and Q <7, - (&1 py—ws P,
contractibility would require Q = P. Pointwise, this would amount to identifying Q N with
P N = P’(conv N). The hypothesis on Q supplies only an inequality into P’, and in a non-discrete
universe such inequalities do not determine equalities.

4.2.2  Flat Modality. The repair, taking inspiration from crisp/modal type theory [Gratzer 2023;
Licata et al. 2018; Shulman 2018], is to store predicate codes under a discrete modality so the
inequality between computability predicates are forcibly discrete. As Gratzer et al. [2026a,b] have
shown, simplicial type theory is consistent with the flat modality b that takes the groupoid core
of a type. For a type X, bX is a discrete copy of X obtained by removing inequalities in X. The
removal nature of this modality makes it comonadic.

Synthetically in type theory, this idempotent comonadic modality, analogous to a necessity
modality in modal logic [Pfenning and Davies 2001], requires a validity context A of flat variables
and normal context I'. A term of type bX can only be constructed using flat variables from the
validity context [Shulman 2018, Figure 5]:

Al -+ X type Al*rM: X

b-FORM ———  b-INTRO

A|T +bX type AT +M :bX

A|T,x:bX+Ctype A|TFM:bX  Au:X|TrN:Clu’/x]

b-ELIM
A|TFlet’ u=MinN:C[M/x]

The associated comonadic counit is
ex :bX — X, ex(x) = let” u = x inu.
It computes on introductions as ex (M) = M. The key property is discreteness: directed inequalities
in bX collapse to equalities,
M<,x N = M=xN.

The following axiom of simplicial type theory supplies the general principle:

Ax10M 4.4 (FLAT DISCRETENESS - GRATZER ET AL. 2026A, AXIOM 6). For type X, the constant-
interval map Ax. Ai.x : X — X?% is an equivalence if and only if the counit ex : bX — X is an
equivalence.

Here X* denotes the type of directed paths in X. The premise therefore says that every directed
path in X is constant, which is the synthetic expression of discreteness. This motivates the following
terminology, following Rijke et al. [2020].

Definition 4.5. A type is flat modal when the comonadic counit is an equivalence:

isFlatModal X := isEquiv (ex : bX — X).
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For a flat modal type X, let k denote the inverse of the comonadic counit; the inverse may be applied
implicitly when the context is clear. In particular, bX is flat modal by idempotency.

LEMMA 4.6. A type is flat modal if and only if it is discrete.

In particular, if X is discrete, hence flat modal, an element x : X may be used as a flat variable in
the validity context. By construction, Ty T' is discrete. The computability predicate for a type can
therefore be stored in TY as a flat predicate code. For a closed syntactic type A° : Ty *, define the
type of flat predicate codes on closed terms of A° by®:

Pred(A°) == let’ T = A% inb(Tm * T = U).
The ordinary predicate used by terms is recovered fiberwise by the counit.

4.2.3 Revised CTX and TY with Flat Predicate Codes. The glued context and type records are refined
to store flat codes alongside the ordinary data. Substitutions and terms remain as in Section 3.

record CTX : U where record TY (T : CTX) : U where
Ie: Ctx A°:TyTI®
L2 :b(Sub - I — (LI)‘ Ab s (y°:Sub T°) — (y*: T*y°) — Pred(A°[y°])‘

ﬂ Ayt =AY YY)

ca :yY°y® — isContrav (A® y° y*)

The fields T'* and A® are now the counit-defined views of the underlying flat data.

4.2.4 Revisiting Product with Flat Predicate Codes. The construction from Section 3 can now be
replayed with flat predicate codes. Products show the basic pattern. The syntactic component is
unchanged, while the semantic component is stored as a flat code rather than an ordinary predicate.
For a closed instance, the construction opens the flat fiber codes for A and B, forms the ordinary
product predicate from the opened predicates, and introduces the result back into b. This is the
functorial action of the flat modality on predicates.

(PROD A B)° := A° x B°

L] o e . L] L] o o - L] L] o o - L] L] b

(PROD AB) y°y* = let” A =AYy y*in let” B® = By y®in (AP. A* (fst P) X B® (snd P))’.

The ordinary predicate used in Section 3.2 is recovered by opening this flat code with the counit:
(PROD A B)® y° y* := ¢((PROD A B); y° v°).

The counit computes through the flat eliminations:
s(letb A* =A% y°y* inlet’ B* = B y° y* in (AP. A® (fst P) X B* (snd P))b)
= AP. (e(A} y°v®)) (fst P) x (e(By y° v®)) (snd P).
Thus the recovered predicate is inductively exactly the product predicate from Section 3.2:
(PRODAB)* y°y* P=A"y° y* (fst P) x B* y° y* (snd P).

Thus storing computability predicates flatly does not change the predicate seen by terms. Glued
substitutions and terms keep the clauses of Section 3, as SUB and TM refer only to the counit-

applied predicates I'* := ¢(I}") and A® y° y* := (A} y° y®). Contravariant transports are handled
through the same counit-defined views. The full set of clauses appears in Appendix B.

8Here A° is implicitly regarded as an element of b(Ty *), using discreteness of Ty *.
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4.3 The Universe Glued Type

With the infrastructure of the flat modality, we can finally define UNIV. For each syntactic type
A° : Ty -, the candidate Cand is the collection of all computability predicates on that type.

Cand(A°) := Z isContrav (e(A}))
Ap:Pred(A°)

The computability of a universe M : Tm * U is then candidates on its decoded type El M.
UNIV® = U,
(] o o . b
UNIVP y° y* = (AM. Cand(El M))".

There are two uses of flatness here. Each candidate stores a flat predicate code AP : Pred(A°),
and the universe predicate itself is stored as a flat code. The contravariance proof for UNIV lifts
candidates along a universe reduction f : M <r,, - y M’. Let

er = discr (El f) : EIM = EI M".

Given a candidate (A’},ca’) : Cand(El M’), its contravariant transport back to Cand(El M) is
obtained by transporting the flat predicate code backwards along e:

fH(A’}) = transporty, p.q(r) (eJ:l) Ab.

The contravariance proof is supplied by Lemma 4.3. After applying the counit, this is the ordinary
conversion action from Section 4.2.1: e(f*(A’})) N = e(A’})(convg; ¢ N).

The only point needing flatness is uniqueness of this lift. The crucial point is that the comparison
of candidates is done at the level of flat predicate codes at Pred(El M), which are discrete. Hence
all inequalities at Pred(El M) are equalities. Let (A’, c4) is any other candidate over El M together
with a lift to (A"}, ca’) over f. Projecting to predicate codes and converting the target back along es
gives an inequality A> < f*(A’}) in Pred(El M). This type is flat, hence discrete, so the inequality
is an equality. After identifying the predicate codes, the contravariance witnesses also agree. Thus
every lift is equal to the distinguished candidate, which gives the contractibility required by cyny.

4.4 El and Code

The remaining Tarski operations are mostly bookkeeping. A term of UNIV already contains, at
each glued substitution, a candidate for its decoded syntactic type. Thus, for M : TM T' UNIV, write

My y* = (AL, e cayye) : Cand(EIM®[y°]).

The interpretation of EL simply projects this candidate. In the other direction, if A : TY T, then
CODE A must produce a candidate at Cand (EI(Code A°[y°])), while A supplies (A? y° y*, cay° y*) :
Cand(A°[y°]). The reduction Ug[y°] : El(Code A°[y°]) < A°[y°] therefore lets the universe’s
contravariant structure pull the latter candidate back to the decoded code.

(EL M)° = EIM° (CODE A)°
(ELM)'; Yy = A|; . . o e

o e Y (CODEA)* y°y
CELMY Y = Cayye-

Code A°
(Uply°l) [(As v v" cav® v°).
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4.5 Revisiting Dependency

The flat-code definition of TY supplies the coherence needed for dependency. Closed substitutions
into I are compared by directed inequalities, not judgmental equalities. Once such a comparison is
used in a type, it lands in the discretized type judgment. Thus, for A : TY I"and (f°, f*) : (y;,v5) <
(y7,v1), the syntactic component gives a type reduction and hence a judgmental equality; after
opening the flat code, this is used as the substitution-invariance path substinv, which follows from
monotonicity on AP and flatness of predicate codes:

A°[f°] : A%ye] <1y - A%[yr ], substlnv : A® y5 v (conv;lglfcl M) =A% y] yr M.

This is the only extra move needed for dependent type formers. For a dependent pair, as in the
simple type case, the first component is obtained by ordinary contravariance:

Q= (S [y D) My y*) Ay y* (fst (pair M° No)[yo]).
For the second component, the available evidence is N® y° y*. However, after the first projection

reduction, the second component must live over the first projection of the pair. Thus the desired
witness is obtained by transporting this evidence along the substitution-invariance path substinv:

N*yeyt 2B (y MP[y]) (v MUyt yt) (N®ly?)),
transport, i (N® ¥ y*) = B® (y°.fst (pair M° N°)[y°]) (y°, D) (convgoll(yo;m)JNO[yO]).

Here substlnv is obtained by applying substitution-invariance along the comparison induced by
the same >4 reduction:

((r°.2p,)s ) = (" fst (pair M° NO)[y°]), (y*, @) < (v M°[y°)), (y*, M* y° v*)).
This converted endpoint is precisely the one appearing in the closed second projection reduction:
Zﬂz [YO] : snd (pair M° NO)[)/O] < Convlg"l[()")i/;l)]No [yo].

Contravariance of B can now be applied once more, giving the second witness and hence the
semantic component of pairing:

(PARMN)®*y°y* = (EplyD M y°v®), Cp, [y°D* (transport, i (N® ¥° ¥*))).

The point of this detour is modest but important: dependent syntactic reductions may change
the type in which a term lives. Discreteness of Ty and flatness of predicate codes turn that type
change into the exact predicate transport needed by the logical relation. Logical relations for other
dependent type formers are handled similarly and can be found in Appendix B.

5 BINARY LOGICAL RELATIONS AND PARAMETRICITY

The unary model proves canonicity by attaching to each closed term a computability witness.
Parametricity uses the same construction with one minor change: the semantic component relates
two closed instances of the same syntactic object. The proof-relevant universe can therefore contain
contravariant, heterogeneous relations, supporting representation-independence arguments.

LEMMA 5.1 (BINARY CONTRAVARIANCE - RIEHL AND SHULMAN 2017, PROPOSITION 8.21 {%). A
binary family R : Ay — Ar — U is contravariant if and only if R My (=) : Ag — U and
R (=) Mg : A, — U are both contravariant for each My, : A, and Mg : Ag, respectively.

Ordinary binary logical relations phrase closure under expansion one component at a time:

if My, —p Mi, then R Mi Mgr = R M Mg, if Mg —p MI’Q’ then R M, MI’% =— R M; Mg.
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Lemma 5.1 identifies the directed version of these two principles with contravariance of the
uncurried relation. Thus reductions f; : My, < M] and fg : Mg < M, determine a transport

(ft. fR)" : R M, Mp — R My Mg.

This transport also records functoriality and its universal property. As in Section 4, the relation
carried by a type must be stored as a flat predicate code. For closed types A7, A : Ty *, write

Pred, (A7, Ap) = let” Tp = Aj in let” Tr = Ay inb(Tm - Tp — Tm * Tr — U),
Cand, (A}, AR) = 2R, Pred; (43 43) isContrav (&(Ry)).

The binary glued records are then the pointwise binary versions of the unary ones:

record CTX, : U where record TY, (' : CTX;) : U where
I'°: Ctx A° Ty TI®
L*:b(Sub - T°® — Sub - T® — U) Ay (ypyg:Sub TI°) =Tyl vy
re = g(l"b') — ‘Predz(A0 [y;].A° [y;])‘

Ay vy =e(A vy Y®)
ca:yy ypYy*® — isContrav (A* y] yp v°)-
A binary term has one syntactic component and relates its two closed instances:

record TM, (T : CTX,)(A: TY, T) : U where
M° :TmT° A°
M= (] v s Sub - T%) = (v* : T* 2 v) — A" ¥ v ' (M°[vg]) (ML)

The semantics universe is obtained by replacing unary candidates by binary candidates:

UNIV,S 2 v5 ¥" = (AMg Mg. Cands(EIl My, El Mg))”.

As an example, consider the batched queue representation-independence argument of Sterling and
Harper [2021]. The abstract package is a queue interface with a representation type, empty queue,
enqueue, and dequeue operations:

Queue := Tm '(Z U (El & % (nat — El @ — El @) X (El @ — nat X El a))).
QUEUE = TM, ~(z UNIV, (EL & x (NAT — EL & — EL ) x (EL & — NAT x EL oc))).

Representation independence amounts to constructing an element of QUEUE, the glued version of
this package. At the UNIV, component, choose ¢, as the code of List nat for the simple list queue,
and ag as the code of List nat X List nat. The abstraction relation has type

R:Tm " (Elag) » Tm * (Elag) — U.
The relation of Sterling and Harper [2021] is the extensional queue invariant
Rt (f,b) =1 =f +reverse b.

This relation is, however, not contravariant in the present setting. Instead, we use the directed
analogue below, which replaces equality by a common “upper bound”. For each fixed xs, the two
inequalities form a product of representable families, so contravariance is supplied by Lemma 3.6.

Rt (f,b) = Z (6 < TxsT) X (f + reverse b < "xs7).

xs:List N
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6 CONCLUSION, RELATED AND FUTURE WORK

The result proved in this paper is, in one sense, unsurprising: logical relations should validate
canonicity and parametricity even when syntax is presented by reductions rather than judgmental
equalities. The contribution is the type-theoretic internalization of this idea. The choice of meta-
language matters: inequality types of simplicial type theory provide a native account of reduction,
while contravariant families supply the proof-relevant form of the expansion lemma needed by the
logical relation. In another respect, this paper also gives an application of simplicial type theory
beyond synthetic co-category theory. The remainder of this section situates the construction among
related work and outlines directions for future development.

6.1 Mechanization

Mechanizing gluing and proof-relevant logical relations with intrinsic syntax, as in the present work,
is difficult mainly because of transport. Many equations, such as naturality for pairs (pair a b)[o] =
pair (a[o]) (b[o]), are not definitional; here they arise from path constructors in a higher inductive
type. A mechanization must therefore transport along paths and reason about equalities, and
in the present setting inequalities, between transported terms. Existing approaches either use
extensional proof assistants with equality reflection such as those of NuPRL-style [Constable
et al. 1986], as in Li et al. [2026], or encode the syntax in specific ways so that these equations
become definitional [Kaposi and Pujet 2025; Xie and Bense 2026] using variants of observational
type theory [Altenkirch et al. 2007; Pujet and Tabareau 2022]. The present work is committed to
homotopy type theory as a meta-language, so neither move is available. Our experience therefore
matches Chen et al. [2026]: formalizing intrinsic syntax in variants of Cubical Agda remains
challenging.

We provide a Cubical Agda mechanization for the simply typed object language of Sections 2 and 3.
It formalizes directed inequalities and contravariance, intrinsic syntax with products, functions,
and Booleans, whose gluing model yields Boolean canonicity. Cubical Agda is used because it
provides higher inductive types and a higher-dimensional meta-language; the simplicial layer
is represented by postulating a directed interval and its bounded ordering. In the simply typed
case, the transport burden is already somewhat unpleasant, though manageable with care. The
mechanization should therefore be read as a proof of concept for the directed technique and for
using simplicial type theory in logical relations. The dependently typed extension in Section 4
presents the transport-heavy intrinsic syntax problem emphasized by Chen et al. [2026], and its
mechanization is left for future work. In particular, Agda has an experimental flat modality [Licata
et al. 2018; The Agda Team 2026], matching out use in Section 4.2 which we conjecture to be
be useful. Another relevant system is Rzk [Kudasov 2023], a proof assistant based on simplicial
type theory for synthetic co-category theory [Kudasov et al. 2024]. Unlike op. cit., the present
mechanization does not develop the full simplicial layer, such as shapes, but it suffices to formalize
directed gluing and prove canonicity for the simply typed object language.

6.2 Equational Proof-Relevant Logical Relations

Existing gluing arguments give proof-relevant logical-relations proofs of canonicity, normalization,
and parametricity for many type theories: simply typed A-theories [Sterling and Spitters 2018];
dependent type theory [Altenkirch and Kaposi 2017; Coquand 2018]; abstract canonicity and para-
metricity constructions [Bocquet et al. 2023; Kaposi et al. 2019a]; homotopy canonicity [Coquand
et al. 2019; Shulman 2015]; cubical and multimodal normalization [Gratzer 2022; Sterling and
Angiuli 2021]; canonicity with indexed inductive-recursive types [Kovacs 2026]; and proof-relevant
parametricity for ML-style modules [Sterling and Harper 2021].
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These arguments are equational: the syntactic component is typically a CwF or a signature in a
semantic logical framework [Harper 2021]. The logical predicate therefore ranges over judgmental
equivalence classes, so object-language equations are used by equality transport. Compared to
equality transport which always exists, directed transport is available only for contravariant
families. Thus the present work replaces equality by a weaker directed structure while recovering
the needed logical-relations argument. In Section 4 part of the equational story is recovered
by discretizing syntactic types: judgmentally equal types must induce the same computability
predicate. A more controlled way to recover judgmental equalities may come from synthetic phase
distinctions. Introduced by Sterling and Harper [2021] and used for cost analysis, information flow,
and compilation [Grodin et al. 2026, 2024; Niu et al. 2022; Sterling and Harper 2022; Theocharis and
Brady 2026], phase distinctions add a type-theoretic proposition ¢, inducing a two-world Kripke
model containing an “in-the-phase” world where ¢ is available and an “out-of-the-phase” world
where it is not. Judgmental equalities could live in the phase, while reductions by inequalities live
out of it; monotonicity of Kripke worlds is preserved because reduction is contained in judgmental
equality. Synthetically, this requires a modality that turns inequalities into equalities. In a similar
directed setting, Grodin et al. [2024] proposes a monadic, localization-style [Christensen et al. 2020;
Rijke et al. 2020] modality O satisfying O(x < y — x = y) that could be useful in the present
setting. A proper phase distinction between judgmental equality and reduction is left for future
work, and may be the right way to handle identity types in the directed setting.

6.3 Synthetic Tait Computability

Synthetic Tait computability [Sterling 2021] gives an abstract formulation of gluing. It has been
used for cubical and modal type theories [Gratzer 2022; Sterling and Angiuli 2021], ML-style
modules and effect handlers [Sterling and Harper 2021; Yang 2024; Yang and Wu 2026], dependent
call-by-push-value [Li and Harper 2025], controlling unfolding [Gratzer et al. 2025a], and simplicial
type theory used here [Weinberger et al. 2022].

The synthetic presentation works in the internal language of the gluing category. Instead of
specifying an external computability predicate Tm * (A°[y°]) — U, one specifies an element of
U whose syntactic part is Tm(A), using an extension type {U | syn < Tm(A)}. This gives a
fibered view of the indexed construction used in the present work. The directed version should
be obtainable by working in the internal language of the gluing category of simplicial sets and
requiring the corresponding extension type to be contravariant, recovering the role played here
by the proof-relevant expansion. A further advantage of this approach is its use of second-order
syntax: contexts and substitutions need not be treated separately from types and terms, and the
naturality conditions that appear in CwF-based gluing arguments are abstracted away. This is
particularly useful in the setting of normalization [Gratzer 2022; Sterling 2021; Sterling and Angiuli
2021], where the construction becomes more complex. In present work canonicity is used as a
compact illustration of the broader method, namely a proof-relevant logical-relations argument
over syntax presented by directed reductions. It raises the further question of how to scale the
method to richer logical relations, such as normalization, where a directed version of synthetic Tait
computability may be useful.

6.4 Simplicial Type Theory and Directed Type Theory

Simplicial type theory is useful here because it combines directed inequalities and contravariant
families with the usual infrastructure of homotopy type theory, including dependent types and
HITs. Its main use so far in the literature has been synthetic co-category theory [Bardomiano-
Martinez 2025; Buchholtz and Weinberger 2023; Gratzer et al. 2025b, 2026a,b; Riehl and Shulman
2017; Weinberger 2022, 2024]; the present work uses the same directed structure for the metatheory
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of syntax and reduction. Indeed, Seely [1987] already considered modeling reduction in the lambda
calculus in a categorical setting, albeit a slightly different one from ours. The beauty of the present
work is that, because simplicial type theory is a synthetic theory of category theory, we can reason
about categorically motivated presentations of reduction in a type-theoretic language.

Other directed type theories often equip inequality types with J-like eliminations or more fine-
grained variance control [Laretto et al. 2026; Licata and Harper 2011; Neumann 2025a,b; Neumann
and Altenkirch 2025; North 2019; Nuyts 2015]. These systems can substantially change ordinary
type formers, such as II-types, so the present construction may not transfer directly. Neumann
[2025b] gives the closest point of contact: inequalities are used to represent reductions for a simple
expression language in synthetic rewriting systems. The present work capitalizes on this idea in
Section 2, albeit in a slightly different setting, to model reductions in type theory.

6.5 Binary Parametricity

Section 5 extends to proof-relevant parametricity. It can be seen as an analytical reconstruction
of Sterling and Harper [2021]’s synthetic left and right syntactic modalities. The key point is to
separate homogeneous vertical relations for judgmental equalities or reductions (M, vs. M; and
Mg vs. My) from heterogeneous horizontal relations for parametricity (M vs. Mg and M] vs. Mp).

D : A* Mp Mg
My -2ET A Mg
fu MLSMi\L lfR:MRSM}/?
M' _________ M/

This differs from the usual zig-zag closure of binary logical relations [Krishnaswami and Dreyer
2013], where one binary relation accounts for both judgmental equality and parametricity. The
additional closure condition is then needed to move along the vertical dimension inside the hori-
zontal relation. Categorically, the parametricity relation here, as in Sterling and Harper [2021], is a
span Tm * Ap Eattm: Ag; an element M*® : A® witnesses that M; = s(M*®) and Mg = t(M*®)
are parametrically related. Zig-zag closure instead makes the relation a quasi-partial equivalence
relation, viewable as such a span equipped with heterogeneous transitivity. That extra structure
is needed for the fundamental theorem only when the vertical and horizontal dimensions have
been mixed. This separation clarifies that contravariance belongs to the vertical dimension: it trans-
ports computability along reductions, rather than expressing parametricity itself. It also suggests a
double-categorical semantics for parametricity, left for future work.

DATA AVAILABILITY STATEMENT

The simply-typed variant of directed logical relation as described in Sections 2 and 3 is mechanized
in Cubical Agda [Norell 2009; Vezzosi et al. 2019]. In particular, directed syntax is constructed
via higher inductive types and reflective subuniverses according to Section 2.2.1 and Appendix A.
The logical relations covers products, functions, and Booleans, with a fundamental theorem that
concludes directed Boolean canonicity. The accompanying mechnization provides a README.agda
that maps Agda definitions to definitions, theorems, and constructions presented in this paper.
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A  THE ORTHOGONALITY CONSTRUCTION

This appendix records the orthogonality construction used in Section 2. It is included only for
completeness. We do not claim originality for this construction: we follow the idea of Grodin et al.
[2024] in constructing types as synthetic preorders. The general background is the standard theory
of orthogonal reflective subuniverses and localizations in homotopy type theory [Christensen et al.
2020; Fiore 1997; Rijke et al. 2020]. This construction is used in our Cubical Agda mechanization,
making use of the localization modality as a higher inductive type in the Cubical library.

A.1 Orthogonality

Definition A.1 (Orthogonality). Let f : A — B be a map of types. A type X is orthogonal to f, or
f-local, when precomposition with f is an equivalence:

(mof): (B> X)—> (A—>X).

For a family of maps ¥ = (f; : A; — B;)i1, a type X is ¥ -local when it is local for each f;. The
point of the construction is that many familiar homotopical or directed properties can be expressed
by choosing a suitable map f; and asking for orthogonality to it.

A.2 The Three Localization Conditions

We use three localization conditions to ensure that a type is a set, thin, and Segal.

A.2.1 Setness. A type X is a set precisely when all of its loop spaces are propositions. In homotopy
type theory this can be expressed by nullity with respect to the circle: X is set exactly when it is
local for the terminal map S! — 1. Indeed, precomposition says that a point of X contains the
same information as a map S! — X, and maps out of the circle classify a point together with a loop.
Thus localization forces all loops, and hence all paths, to be unique.

A.2.2 Thinness. Recall from Definition 2.1 that x <x y is the type of directed paths from x to
y. Let 1 : Bool — 2 send the two Booleans to the two endpoints of the directed interval. For a
type I, define Arr(I) by the following pushout square, whose dashed arrow displays the universal
property:

idx1

I X Bool ——= Ix2

N

Bool —— Arr(I)

Thus Arr(I) is obtained by gluing together I copies of the directed interval along their common
source and target. The universal property says that maps out of Arr(I) are characterized by

(Arr(I) — X) =~ Z (I = xp <x X1).

X0,X1:X

Let ! : Bool — 1 be the terminal map, and Arr(!) : Arr(Bool) — Arr(1) be the induced map. A
type X is local for Arr(!) exactly when, for each xy, x; : X, the diagonal map

(x9 <x x1) = (Bool = xy <x x1)

is an equivalence. This is precisely the statement that every hom type xy <x x; is a proposition.
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A.2.3  Segalness. Let A? be the directed 2-simplex and A? its inner spine:
A= {(s,1) :2X 2|t <g s}, A= {(s,t): 2X2|s=i1Vt=i0}.

Write 1 : A? < A? for the inclusion. By Riehl and Shulman [2017, Theorem 5.5], a type X is Segal
if and only if restriction along ¢,

(mo1): (A* = X) - (A? = X),
is an equivalence.

A.2.4  Putting It All Together. Putting the three maps together, define

foet = ! R L=
ﬁhin = Arr(!) : Arr(Bool) — Arr(1), F = {f;etafthinsfSegaI}-
foegal = : A? — A?

An F-local type is therefore simultaneously a set, thin, and Segal.

A.3 Localization
For any type A, let

na - A—> LA
denote the localization of A at the family #. This may be constructed as the standard higher
inductive localization of a type [Christensen et al. 2020; Rijke et al. 2020]: the type LA is F-local,
and for every ¥ -local type X, precomposition with 14 is an equivalence

(LA—> X) ~ (A - X).

Thus L is the reflector into the reflective subuniverse of #-local types, with unit 7. In particular,
every type of the form LA is a set, thin, and Segal.

The universal property is the main feature of the localization used in this construction. To define
a function out of LA into a local type X, it suffices to define a function A — X.

A.4 Applying the Reflector to Syntax

Let Subg I' A and Tmg I' A denote the raw directed syntax inductively generated by the point, path,
and directed constructors as in Section 2. The localized syntax used is obtained by reflecting the
substitution and term carriers:

Sub T A := L(Suby T A), TmT A:=L(Tmy T A).
We write the corresponding units as
Nsub : Subg T'A — Sub T A, Ntm : TmpIT'A — TmT A.
Because L lands in the #-local subuniverse, the localized substitution and term types are automati-
cally sets, thin types, and Segal types. Thus their directed paths compose, and parallel reductions

between fixed endpoints are proof-irrelevant, without adding separate truncation constructors to
the raw inductive syntax. This operation amounts to the free category on a graph.
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B REFERENCE DEFINITIONS

This appendix is a reference sheet for the final glued structures and type-former clauses. The unary
clauses use the flat-coded predicates of Section 4; they should be read as the flat refinement of the
construction first presented in Section 3.

We do not repeat the - and n-laws for the type formers. In each case, the proof has the same
shape: contravariant transport of the semantic witness along the relevant syntactic reduction is
compared with the original witness, and the universal property of contravariance (Lemma 3.4)
turns this comparison into the same reflexivity argument used in Section 3. We write « for the
inverse of the counit ¢ on flat modal types, following Definition 4.5.

B.1 Unary Model
B.1.1  Predicate Codes. For a closed syntactic type A° : Ty -, the predicate codes are:

Pred(A°) = let’ T =k A° in b(Tm * T — U).

B.1.2  Judgmental Structure. The final unary judgmental structures are:

record CTX : U where
T°:Ctx
L b(Sub ' T° — U)
I*=e(Iy)

record SUB (I' A : CTX) : U where
0° : SubT° A°
O_o:(}/o:sub.ro)ﬁro yo_>Ao (O'OOYO)

record TY (T : CTX) : U where

A° Ty T®

A; :(y°:Sub - T°) — (y* : T*y°) — Pred(A°[y°])

A Yyt =AY YY)

ca: (y°:Sub-T°) — (y* : T* y°) — isContrav (A® y° y*)
record TM (T': CTX)(A: TYT) : U where

M° :TmT° A°

M®:(y®:SubT°) = (y* : T*y°) = A" y® y* (M°[y°])

B.1.3  Substitutions and Context Extension. The substitution clauses are:

(IDr)° = id

(IDp)*y°y" =y*

(roo)° =1°00°

(r00)* ¥y =1 (0° o) (0 ¥° 1)
(Ala])® =A%[0°]

(Alal)y v y* =4} (6°cy?) (6*y°y*)
calo] Y7y  foi=ca(ooy®) (*y°y®) fo
(M[o])° = M°[o°]

(Mla])*y®y* =M (a°cy°) (6 y°y*)
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O

L o} b
o= (Ay°. 1)

(T'>A)° =T°» A°

(T>A)) = let” T* = INTY let” A =« (/1)/0 yA Y Y') in
(w. let? A° = A (p 0 5°) 8" in A® (q[5°]))b

8*T* (pod°)

(o,M)° := (6°,M°)

(eM)*y°y = (" v y", My v°)

(p)°=p
(p)* 6° (8°%,a®) =6°
(@)°=q

(q)* 8° (8% a®) =a’
Taking the counit of the context-extension predicate recovers the ordinary semantic predicate:
f(TeA)) 8° = > (A (po &) 8°) (ql8°]).
5e(I}) (pos°)
B.1.4  Non-Dependent Products. The non-dependent product type clauses are:
PROD:TYT - TYT > TYT
(PROD A B)° = A° x B°
(PROD AB)? y° y* = let” A® = A* y° y" in let” B* = B y° y" in (AP. A® (fst P) x B* (snd P))"
coron B V7Y (f 1P < P) (@) = ((fst )" @, (snd )7 )
The uniqueness proof cprop 4 B is pointwise by c4 and cg.
PAIR: TMTA— TMT B — TM T (PROD A B)
(PAIR M N)° := pair M° N°
(PAIRM N)® y®y* = ((X[h [y° D" (M*y?y®), (<, [y°])" (N® y° y'))
(FST P)° := fst P°
(FSTP)*y®y* =m(P*y°y*)
(SND P)° := snd P°
(SND P)® y° y® == m(P* y° v*)
B.1.5 Non-Dependent Functions. The non-dependent function type clauses are:
—=—:TYT >TYT > TYT
(A= B)° = A°=B°

AF.(M°:Tm - (&) — )

®© . 0.0 . (4D e _ se o e b pe _ ne .o .e:
(A=B)yy°y  =let’ A*=AP y°y*inlet’ B* =By y° y m( A* M® — B* (app F M°)

camp YY" (f: F < F') @ = AM® M®. (app f M°)*(®' M° M*)

The uniqueness proof c4—p is by cp.
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LAM : TM (T>A) (B[p]) » TMT (A= B)
(LAM N)° := lam N°
(LAM N)® 37y M® M* = (=5 (" M) )" (N* (y°.M°) (v, M*))
APP:TMT (A= B) - TMT A — TMT B
(APP F M)° := app F° M°
(APPEM)® y®y® = F*y®y" (MP[y°]) (M* y° y*)
B.1.6 Dependent Pairs. The dependent pair type clauses are:
Y:(A:TYT) > TY (I»A) > TYT
(3 AB)° =3 A° B°
(ZAB) Yy Y = let” A® = Ay y°ytin let” B =« (/1Mo M*. B} (y*.M°) (y’,M’)) in
b
AP. Z let” B = B (fst P) @ in B* (snd P)
®:A* (fst P)

The contravariance proof cs 4 p is pointwise by c4 and cg.
PAIR: (M:TMT A) — TMT (B[(ID,M)]) — TMT (3 A B)
(PAIR M N)° := pair M° N°
* M. (o] (] R
(PAIR M N)* 1° * = (( g ly J)*( Yy o )
) (transportsubstlnv(N Yy ))
FST:TMT (S A B) —>TM rA
(FST P)° := fst P°
(FSTP)*yy* =m(P*y°y*)
SND: (P:TMT (X A B)) > TMT (B[(ID,FST P)])
(SND P)° :=snd P°
(SND P)* y® y® == m(P* y° v*)

B.1.7 Dependent Functions. The dependent function type clauses are:

II:(A:TYT) - TY (T»A) — TYT

(I1 A B)® := I1 A° B°

(ILAB) y°y* = let’ A® = Ay ytin let’ B =k (/1MO M*. By (y°.M°) (y',M')) in

AF.(M° - Tm * (A°[°])) > ’
(M® : A* M°) — let” B* = B M° M* in B® (app F M°))

The contravariance proof ¢y 4 p is by cp on the induced application reduction in the extended
context.

LAM : TM (I>A) B — TMT (Il A B)

(LAM N)° := lam N°

(LAM N)® y® y* M° M® = (ILg[ (y*.M°) )" (N*® (y°.M°) (y*, M*))
APP: (F:TMT (ILAB)) — (M:TMT A) - TM T (B[(ID.M)])
(APP F M)° := app F° M°

(APPF M)® y®y® = F*y°y* (M°[y°]) (M*y® y*)
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B.1.8 Booleans. The Boolean type clauses are:

BOOL:TYT
BOOL® := Bool
BOOL? y° y* = (AM Z M <ty - '_b—')b
b : . =Tm * Bool
b:{0,1}
BOOL® y° y* M := Z M <1« Boo Tb7
b:{0,1}
ceooL YOy (f M < M) (br) = (b f-r)
TRUE® = true

TRUE® y° y* := (0, id¢rye)
FALSE® := false
FALSE® y° y* == (1, idfalse)

The lift witness and uniqueness part of cgooL are supplied componentwise by Lemma 3.6. For the
dependent Boolean eliminator, if T® y° y* = (b, r), the eliminator is:

Cirue = C[(ID,TRUE)]
Ctaise := C[(ID,FALSE)]
Cr = C[(ID,T)]
IF: (C: TY (I*BOOL)) = TM T Cyye = TM T Cparse — (T : TMT BOOL) — TMT Cy
(IFCUVT)® =if C°U° V° T°
if C°U° V°r)[y°] - Boolie[y°]) (U® y° y*) ifb=0,

arcuvTyyey =\ UVl Book [YOJ)*( ,yoy,) )

((if C°U° Vo r)[y°] - Booleaise [y°]) (Ve y° y*) ifb=1.

As in the X case, this notation suppresses the preliminary transport, ., that moves the branch
witness across the dependent fibre of C; the treatment is the same as in X.

B.1.9 Universe. The universe type uses candidates, i.e. predicate equipped with contravariance:
Cand(A°) = Z isContrav (£(A})).
Ap:Pred(A°)
The universe clauses are:
UNIV® = U,
L] o e . b
UNIV? y° y* == (AM. Cand(El M))
(EL M)° = El M°,
(ELM)p y°y® = Ab,y,y"
CELmM Y'Y = cayy
(CODE A)° := Code A°,
(CODEA)* y*y* = (Usly’l) (45 v° ¥ cav® v*)
The contravariance proof cyny is the candidate-lifting construction along universe reductions

explained in Section 4. In the EL clause, the notation means that M*® y° y* = (A;,Y»Y" CAyy*)-
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B.2 Binary Model

This part records the binary structures used in Section 5.
B.2.1  Binary Predicate Codes. For closed syntactic types A}, Ay : Ty *, the binary predicates are:
Pred; (A2, A3) = let’ T = k A in let’ Tg = k A% in b(Tm * T, — Tm * Tg — U).

B.2.2  Binary Judgmental Records. The final binary judgmental records are:
record CTX; : U where
I'°: Ctx
I :b(Sub * T® — Sub - T* — U)
I*=e(Iy)
record TY, (I : CTX;) : U where
A° Ty T°
Al; :(y[ yp:Sub - T°) = Ty} yg — Pred2(A°[y] ], A°[yz])
A VL vrY  =e(A vy Y®)
ca:y; ypy* — isContrav (A® y] yp v°)
record TM, (T': CTX,)(A: TY, T) : U where
M°:TmTI° A°
M®: (yp yg:Sub " T°) = (y* s T yy yp) = A% yp vp v* (MPlyL]) (M°[yR])
B.2.3  Binary Type-Former Examples. The binary Boolean predicate records a common Boolean
value:

BOOLZ . TYZ r
BOOL,° := Bool
AMy Mg )" (Mp <1on - ool "b7) X (Mg <rim - oot b7 ’
BOOLZI; yz },13 Y. = L MR- } L =Tm * Bool R =Tm * Bool
b:{0,1
csooL, ¥p Yp ¥* (fi : My < M) (fr : Mg < M}) (b, (rp,rR)) = (b, (fi - . fr - 1))
The binary product predicate is pointwise on projections:
PRODZ : TYZ I — TYZ I — TYZ T
(PROD, A B)® := A° x B°
(PROD; AB). y7 yi v* = let” A* = A%y yo y* inlet’ B* = B y? vy v* in
(AP, Pg. A® (st PL) (fst Pg) x B* (snd Pp) (snd Pg))"
Everything else follows the same simple pattern to turn unary semantics to binary semantics.
B.2.4  Binary Universe. The binary universe uses binary candidates:
Candz (A}, Ap) = Z isContrav (¢(Ry)).
Ry:Pred; (A7 ,A%)
The binary universe is:
UNIV,° = U
UNIV,S ¥ y5 v = (AMg Mg. Candy(EI My, El Mg))”
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