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Write List(n) for lists of length n.

f : (n : Nat) → List(n+ 1) f (1) : List(1+ 1)

What is the type of f (1)?

1+ 1 ≡ 2︸ ︷︷ ︸
β-computation

=⇒ List(1+ 1) ≡ List(2)︸ ︷︷ ︸
congruence

Hence f (1) : List(2).
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Judgments of type theory

Γ ctx
Γ ⊢ A type

Γ ⊢ A ≡ A ′ type

Γ ⊢ M : A

Γ ⊢ M ≡ M ′ : A

Γ ⊢ M ≡ M : A
Γ ⊢ M ≡ N : A =⇒ Γ ⊢ N ≡ M : A
Γ ⊢ M ≡ N : A, Γ ⊢ N ≡ P : A =⇒ Γ ⊢ M ≡ P : A

Γ ⊢ M ≡ M ′ : A Γ ⊢ N ≡ N ′ : B
Γ ⊢ pairMN ≡ pairM ′ N ′ : A× B

Γ ⊢ fst (pairMN) ≡ M : A
Γ ⊢ snd (pairMN) ≡ N : B
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How do we represent those judgments and

judgmental equalities in a proof assistant?



logical relations proof-relevant logical relations simplicial type theory directed logical relations Conclusion

Propositional equality

Proof assistants provide propositional equality: x = y is a type of equality proofs.
Agda

trans : {x y z : A} →
x = y → y = z → x = z

trans {x = x} p q = J (λ z _ → x = z) p q

Agda

cong : (f : A → B) {x y : A} →
x = y → f x = f y

cong f {x = x} p = J (λ y _ → f x = f y) refl p
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How about we use meta-language propositional equality

to represent object-language judgmental equality?
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(Quotient) inductive syntax
Cubical Agda

Inductive Ty : Type where
...
_×_ : Ty → Ty → Ty

Cubical Agda

Inductive Tm : Ctx → Ty → Type where
...
pair : Tm Γ A → Tm Γ B → Tm Γ (A × B)
fst : Tm Γ (A × B) → Tm Γ A
snd : Tm Γ (A × B) → Tm Γ B

×β1 : fst (pair a b) = a
×β2 : snd (pair a b) = b
×η : pair (fst p) (snd p) = p
...

Higher inductive types let us add
equations to ordinary inductive
constructors.
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We get the following definitional equalities for free:

Agda

refl-Tm :
{M : Tm Γ A} →
M = M

refl-Tm = refl

Agda

trans-Tm :
{M N P : Tm Γ A} →
M = N → N = P → M = P

trans-Tm = trans

Agda

sym-Tm :
{M N : Tm Γ A} →
M = N → N = M

sym-Tm = sym

Agda

fst-cong :
{p q : Tm Γ (A × B)} →
p = q → fst p = fst q

fst-cong = cong fst
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Properties of definitional equality

Canonicity. If ⊢ M : Bool, then

⊢ M ≡ true : Bool or ⊢ M ≡ false : Bool.

Agda

canonicity : (M : Tm ε Bool) →
(M = true) + (M = false)
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Logical relations

A logical relation is a family of predicates indexed by types.

For closed terms, A•(M) is a type of evidence aboutM.

A• : Tm ε A→ Type

Bool•(M) := (M = true) + (M = false)

(A× B)•(P) := A•(fst P)× B•(snd P)

The logical relation for the Boolean type looks like a Boolean.

The logical relation for a product type looks like a product.
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Types carry predicates.

Agda

record TY : Type1 where
field A◦ : Ty

A• : Tm ε A◦ → Type

Agda

record TM (A : TY) : Type where
field M◦ : Tm ε A◦

M• : A•(M◦)

Agda

BOOL : TY
BOOL◦ = Bool
BOOL• M = (M = true) + (M = false)

Agda

PROD : TY → TY → TY
(PROD A B)◦ = A◦ × B◦
(PROD A B)• P = A•(fst P)× B•(snd P)
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Types carry predicates.

Terms carry evidence.

Agda

record TY : Type1 where
field A◦ : Ty

A• : Tm ε A◦ → Type

Agda

record TM (A : TY) : Type where
field M◦ : Tm ε A◦

M• : A•(M◦)

Agda

BOOL : TY
BOOL◦ = Bool
BOOL• M = (M = true) + (M = false)

Agda
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(PROD A B)◦ = A◦ × B◦
(PROD A B)• P = A•(fst P)× B•(snd P)
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Pairs and projections
Each operation acts on both the term and its evidence.

Agda

PAIR : TM A→ TM B→ TM (PROD A B)
(PAIR M N)◦ = pair M◦ N◦

(PAIR M N)• = (M•,N•)

Agda

FST : TM (PROD A B) → TM A
(FST P)◦ = fst P◦
(FST P)• = π1(P•)

Agda

SND : TM (PROD A B) → TM B
(SND P)◦ = snd P◦
(SND P)• = π2(P•)
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Terms carry evidence.

Does the evidence satisfy the equations too?

FST (PAIRMN) = M

On terms:
(FST (PAIRMN))◦ = fst ((PAIRMN)◦) by FST

= fst (pairM◦ N◦) by PAIR
= M◦ byβ1 equation.

On evidence:
(FST (PAIRMN))• = π1((PAIRMN)•) by FST

= π1(M•,N•) by PAIR
= M• byβ law.
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Proof-relevance:

definitionally equal terms induce equal evidence.

The logical relation for the Boolean type

looks like a Boolean.

The logical relation for a product type

looks like a product.



logical relations proof-relevant logical relations simplicial type theory directed logical relations Conclusion

Proof-relevance:

definitionally equal terms induce equal evidence.

The logical relation for the Boolean type

looks like a Boolean.

The logical relation for a product type

looks like a product.



logical relations proof-relevant logical relations simplicial type theory directed logical relations Conclusion

Proof-relevance:

definitionally equal terms induce equal evidence.

The logical relation for the Boolean type

looks like a Boolean.

The logical relation for a product type

looks like a product.

For pairs, the evidence is a pair;

for fst, the evidence is first projection.

This evidence satisfies the β-equation too.
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FTLR and canonicity

Fundamental theoremof logical relations (FTLR).
Every closed term lifts to a termwith evidence.

M◦ : Tm ε A◦ =⇒ (M◦,M•) : TM A =⇒ M• : A•(M◦)

Specialize to A = BOOL:

M• : BOOL•(M◦)

= (M◦ = true) + (M◦ = false)

Every closed Boolean term equals true or false: canonicity.
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We represented definitional equality using equality type in the proof assistant.

M ≡ N︸ ︷︷ ︸
the theory we study

⇝ M = N︸ ︷︷ ︸
the proof assistant

What can represents reduction in the proof assistant?

M→β N︸ ︷︷ ︸
the theory we study

⇝ M ??? N︸ ︷︷ ︸
the proof assistant
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Reduction is asymmetric,

so we want an asymmetric “equality” in type theory.
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Directed type theories

Equality
Agda

sort :

(xs : List Nat) →
mergeSort xs = insertSort xs

Inequality
Directed type theory

monoid-hom :

(M N : Monoid) →
(M ⩽ N) ≃ MonoidHom M N

Gratzer–Weinberger–Buchholtz, Lemma 7.11

https://www.danielgratzer.com/papers/directed-univalence-in-simplicial-homotopy-type-theory.pdf
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Simplicial homotopy type theory

Emily Riehl andMichael Shulman (2017)

https://arxiv.org/abs/1705.07442v1
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How about we use meta-language inequality types

to represent object-language reduction?
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Directed quotient inductive syntax

Simplicial type theory

Inductive Tm : Ctx → Ty → Type where
...
pair : Tm Γ A → Tm Γ B → Tm Γ (A × B)
fst : Tm Γ (A × B) → Tm Γ A
snd : Tm Γ (A × B) → Tm Γ B

×β1 : fst (pair a b) ⩽ a
×β2 : snd (pair a b) ⩽ b
...

Directed constructors
specify reductions using
inequality types.
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We get reflexivity, transitivity, andmonotonicity for free:

Simplicial type theory

refl-Tm :
{M : Tm Γ A} →
M ⩽ M

refl-Tm = refl

Simplicial type theory

trans-Tm :
{M N P : Tm Γ A} →
M ⩽ N → N ⩽ P → M ⩽ P

trans-Tm = trans

Simplicial type theory

fst-mono : {p q : Tm Γ (A × B)} → p ⩽ q → fst p ⩽ fst q
fst-mono = mono fst
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Canonicity. If ⊢ M : Bool, then

M→β true or M→β false.

Simplicial type theory

canonicity : (M : Tm ε Bool) →
(M ⩽ true) + (M ⩽ false)
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Simplicial type theory

PROD : TY → TY → TY
(PROD A B)◦ = A◦ × B◦
(PROD A B)• P = A•(fst P)× B•(snd P)

Simplicial type theory

PAIR : TM A→ TM B→ TM (PROD A B)
(PAIR M N)◦ = pair M◦ N◦

(PAIR M N)• =
(

?︸︷︷︸
A•
(
fst (pair M◦ N◦)

), ?︸︷︷︸
B•
(
snd (pair M◦ N◦)

)
)

Induction hypotheses give evidence β-reductions are

M• : A•(M◦) fst (pairM◦ N◦) ⩽ M◦

N• : B•(N◦) snd (pairM◦ N◦) ⩽ N◦
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Hmm, I’ve seen this before. . .

Lemma (Closure under reverse reduction)
expansion : (M ⩽ N) → A•(N) → A•(M)

In a proof-relevant setting, we need to ask more:

expansion refl e = e,

expansion (trans p q) e = expansion p (expansion q e).

For p : M ⩽ N and q : N ⩽ P.
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Simplicial type theory already provides such a notion: contravariance.

Contravariant transport
Let C : X → Type be a contravariant family.

For f : x ⩽X y, there is a transport map
f ∗ : C(y) → C(x),

such that

(refl)∗v = v,

(trans f g)∗w = f ∗(g∗w).

Contravariant

families are

synthetic right

fibrations.

Here g : y ⩽A z, v : C(x), and w : C(z).
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Types carry contravariant predicates.

Simplicial type theory

record TY : Type1 where
field A◦ : Ty

A• : Tm ε A◦ → Type

cA : isContrav A•
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Simplicial type theory

PROD : TY → TY → TY
(PROD A B)◦ = A◦ × B◦
(PROD A B)• P = A•(fst P)× B•(snd P)

Simplicial type theory

PAIR : TM A→ TM B→ TM (PROD A B)
(PAIR M N)◦ = pair M◦ N◦

(PAIR M N)• =
(

(×β1)
∗M•︸ ︷︷ ︸

A•
(
fst (pair M◦ N◦)

), (×β2)
∗N•︸ ︷︷ ︸

B•
(
snd (pair M◦ N◦)

)
)

The transports have exactly the required types:

(×β1)
∗ : A•(M◦) → A•(fst (pairM◦ N◦))

(×β2)
∗ : B•(N◦) → B•(snd (pairM◦ N◦))
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As before, we want the evidence to satisfy theβ-inequality as well:
FST (PAIRMN) ⩽ M

Want to show:

(FST (PAIRMN))• = π1((PAIRMN)•) by FST
= π1

(
(×β1)

∗M•, (×β2)
∗N•) by PAIR

= (×β1)
∗M• byβ law

⩽A•(×β1)
M• want to show

Lemma (Universal property of contravariance)
For a contravariant family C : X → Type, f : x ⩽ y, u : C(x), and v : C(y),
(u ⩽C(f ) v) ≃ (u = f ∗v).

(
(×β1)

∗M• ⩽A•(×β1)
M•) ≃ (

(×β1)
∗M• = (×β1)

∗M•).
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Contravariance under reindexing

If C : Y → Type is contravariant and g : X → Y, then C ◦ g is
contravariant.

x 7→ C(g(x))

Simplicial type theory provides the

“standard library” for closure under

reverse reduction in logical relations.
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Contravariance under dependent products

If x 7→ C(x, y) is contravariant for every y : Y, then the family of
dependent functions is contravariant.

x 7→
(
(y : Y) → C(x, y)

)
Contravariance under dependent sums

If C : X → Type and D : (
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their dependent sum.
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Simplicial type theory provides the

“standard library” for closure under

reverse reduction in logical relations.
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